INTRODUCTION

TO

MAPLE 18

STANDARD WORKSHEET

Written by: Hendrick Delcham and Luis A. Gonzalez/AL/KM
Department of Mathematics, Engineering and Computer Science

LaGuardia Community College, CUNY, 2016



Welcome to Maple

Maple is a comprehensive computer system for advanced mathematics. It includes facilities for interactive
algebra, pre-calculus, calculus, discrete mathematics, graphics, numerical computation and many other
areas of mathematics. With Maple you will be able to do everything you can do with a graphing
calculator and much more. Therefore, Maple will enable you to spend more time understanding the basic
concepts of mathematics, and it will allow you to solve more difficult and realistic problems.

Maple offers two models of operation: Standard and Classic Worksheet. This brief introduction will help
you to get started using Standard Worksheet Maple by teaching you how to get the program running, how
to write plain text and comments, and how to do some basic operations and graphs.

One of the “advantages” of the Standard Worksheet mode (compared to the Classic Worksheet mode) is
that it is more graphical, intuitive, and user-friendly.
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INTRODUCTION

To start Maple in Standard mode click on the red Maple icon:
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To start working just click on the icon “New Worksheet”
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This action will open the standard graphical interface
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Let us discuss some of the important parts of this standard graphical interface
This is the menu bar

Untitled (2) - [Server :
File Edit View Insert Format Table Drawing Plot Spreadsheet Tools Window Help

Use the mouse to point and click to open the different menus. Take some time to investigate what each
one does. The most important ones are shown below

This is the File menu
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From the File Menu you can create a new Maple file, open an existing file, save and print your work.



You must bring your own portable drive (i.e. pen drive or flash drive) to the lab in order to save your
work. To save your work you will click on Save from the File Menu above. The Save Menu will pop up.
Form the Save Menu you should select your drive and then type a name for your worksheet in the File
name field. The file extension .mw identifies your file as a Maple worksheet. You should save your work
often so that you will not lose too much of it in case the computer crashes.

This is the Save Menu:
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And very important, this is the Help menu:
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About Maple...

Maple has an excellent help system. The full text search allows you to type one or more words and you
can use it to check command syntax or even to check if a particular function, feature or command even
exists. Be curious, explore!

This is the toolbar:
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This is the context bar (which changes depending on which input mode you are):
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This is the status bar
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By default Maple will display its command prompt:

>
And you will see the blinking cursor just to the right of it. Maple expects you to enter a command.

Anything you type will be displayed in red and it will be interpreted as a Maple command or
mathematics.
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When working in the lab, you will usually want to start with a line of text that includes your name, id
course and section, and maybe the lab assignment or project number. If you type this at the command
prompt you will get an error message. You must go into the “text mode” by either clicking the Text Icon

“T” from the tool bar or by pressing and holding the control key and then pressing the letter t from the
keyboard [Ctrl+t].
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By pressing the “T” above you enter the text mode...
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You can always go back to the “command mode” by clicking the Command Icon [ > from the toolbar, or
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by pressing and holding the control key and then pressing the letter m.



This is the palette menu which contains the most common mathematical operators, symbols, and
expressions
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When working in a project using Maple standard worksheet mode, you should always have the following
palettes active and ready to use: “Expression”, “Calculus”, and “Common Symbols”. To active these
palettes just click on their respective names.
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It is very important for you to remember the following three things:

1) Every command in Maple must end with a semicolon [;]. The semicolon assures that the
computer will execute your instruction. To execute your instructions you must press the Enter key.

2) Maple is case sensitive. For example, x is not the same as X because Maple distinguishes between
upper case and lower case letters, and it will take them as being two different variables.

3) Always type Maple commands in lower case, unless your instructor tells you otherwise. In such
cases be very careful to type everything exactly as your instructor tells you.

Finally, if you make a mistake, do not continue typing on the next line. Go back, fix it! Maple behaves
like a text editor and you can always go back to fix mistakes or to make changes by moving the mouse
and clicking over the place where you would like to make the change.

You can also use the arrow keys to move the cursor around. Once you make the change, press the Enter
key to re-execute the instruction (if needed). It is not necessary to move the cursor to the end of the line.

Note: With some exceptions, avoid using blank spaces when typing commands or instructions in Maple.
Your instruction cannot be executed properly.



DOING NUMERICAL COMPUTATIONS WITH MAPLE

In this section you will learn how to use Maple to do some standard numerical calculations. When solving
problems Maple will give you an exact answer or a numerical approximation.

You can use the standard characters found in a typical computer keyboard, and/or use the “Expression”
palette. We will explore both cases. Here are some examples:

- Using the standard keys from a keyboard €

Use “ + ” for addition and “ - * for subtraction
> 644

10
> 8—3;

5

As mentioned before the [>] input is “live” and it can be modified at any time. Notice that Maple displays
the results in blue, below the input and in the middle of the screen.

Use “ * “ for multiplication and “/ “ for division

> 6-5;#This is a multiplication in Maple. Notice that " - " means times.
30

The example above shows that the key “ * “ from the keyboard was used for multiplication. When
working with real numbers the use of “ * ““ is a must to perform a multiplication. We will see later that
when working with algebraic expressions, the use of “ * “ to indicate a multiplication may be omitted.
The example above also shows you how to add comments to your Maple math or command input. After
the end of your command you type the pound sign [ # ] followed by your short comment. Comments are
ignored by Maple when it makes the computation.

Maple can work with fractions without changing to decimal form, and unlike most calculators it will
display the answer as a fraction. In this way Maple will always give you an exact answer.

2 4
> = 4+ —
3 7’

26
21

Note that when using the key ““ / “ from the keyboard, Maple automatically expresses the division (or
fraction) in the classical stacked form (i.e. %).



By default Maple leaves the answer in fractional form. If you want a decimal answer, you must give
Maple specific instructions by using the evalf() command:

26
> <5 1.

1.238095238
Normally Maple displays the answer using up to 10 digits, but you can change that in the following way:

> evalf[ %, 6]; #This will display the answer with only six digits
1.23810

> evalf[ %, 20); #This will display the answer with twenty digits
1.2380952380952380952

Sometimes it is useful to be able to use a previously computed result in the next instruction that you want
Maple to execute. This can be done by using the ditto operator [ % ]. Let us do another division:

As before, we would like the answer to be displayed as a decimal, with 12 digits. We can enter

> evalf (%, 12); #This tells Maple to take the result 0f6—78 from the line above, and to display it
in decimal form with 12 digits
9.71428571429

Use “  “ to enter exponents in Maple, for example:

> 3%

Note that when using the key “ ~ “ from the keyboard, Maple automatically displays the exponentiation
(i.e. the base and the exponent) in the classical superscript form (i.e. a?).

When 27315 is entered, Maple displays the exact answer (all 37 digits!)

> 2731,
3486901710858771471857936291044591857



Since the operator square root (i.e. vV ) is not found on a typical computer keyboard, to find the square
root of a positive real number we have to type “sqrt”

For example, to find the square root of four (+/4), we have to enter

> sqrt(4);

For the square root of positive real numbers which are not perfect squares (i.e. irrational numbers), Maple
gives you the exact answer in simplified form (it will not give you a decimal approximation like a
standard calculator).

> sqrt(28);

2J7
If you want the decimal approximation, you need to use the evalf() command again

> evalf(sqrt(28));
5291502622

For absolute values we need to type “abs” because the absolute value operator (i.e. | |) is not found in a
typical computer keyboard either.

For example to find the absolute value of —45 (i.e. |—45] ), we enter

> abs(-45);
45

Maple has all of the important mathematical constants built in. For example, to enter  you need to type
Pi (notice that a capital P is required!)

> Pj
T
> Pi,
5
in
2

So far, we have seen how to use Maple to perform some standard numerical calculations using only the
standard keys from a typical computer keyboard. Now it is time to explore how we can perform the same
numerical operations (and, in general, any mathematical operation) using the palettes mentioned lines
above. In many cases, the use of the palettes eases the input of complicated mathematical expressions.



Let us go over the same examples shown before.

- Using the palettes from the palette menu €

For example, to perform the following addition: 6+4,

Click on the icon “a+b” form the Expression palette (you should have the Expression palette ready to be

used!)

W Expression

b i

Va

e’

Jz

dl
Ina)

log, (a) log,(a)

sin(a#) cos(a) tan(a)

Maple will display the expression “a+b” as a template ready to edit or change in order to be executed

[> a+5

Now, delete the “a” and “b” characters, and enter the respective values (i.e. 6 and 4). Do not forget to

input the semicolon [ ; ]. Hit the Enter key to execute the instruction

> 6+ 4;

10

10



Now, let us perform the following subtraction: 5 — 3

Click on the icon “a-b” form the Expression palette

W Expression
a+b 1— b 1+4
'{—‘ / Ja
Va al
¢ Infa)
log,(a) log, ()

sin(a) cos(a) tan(a)

Now, delete the “a” and “b” characters as we did previously, and enter the respective values (i.e. 5 and 3).
Again, do not forget to put the semicolon [ ; ]. Hit the Enter key to execute the instruction

> 5-3;

11



Let us go on with the following multiplication: 6*5

Click on the icon “a.b” form the Expression palette

W Expression

¢ Infa)
log, (<) log, (<)

sin(a) cos(a) tan(a)

Now, move the cursor and delete the “a” and “b” characters as shown previously, and enter the respective
values (i.e. 6 and 5). Do not forget to type the semicolon [ ; ]. Press the Enter key to execute the

instruction

> 6-5;

12



Continuing with the examples, let us see how Maple works with fractions. For this example, we will
perform the following operation: “ % + % «

Click on the icon “ % ” form the Expression palette

W Expression

¢! Infa)
log ,(a) log,(a)

sin(a) cos(a) tan(a)

B . -

Move the cursor and delete the “a” and “b” characters as seen before, and enter the first fraction (i.e. g ).
Then, type the plus sign (i.e. +) and using the same fraction symbol from the palette menu, enter the other
fraction (i.e. %). Do not forget to type the semicolon [ ; ]. Press the Enter key to execute the instruction

2 4
> £ 4 a
3+7’

26
21

Again, by default the answer is given in fractional form. If you want a decimal answer, you must give
Maple specific instructions by using the evalf() command:

26
> = |;
evalf[ o1 ),

1.238095238

13



Since Maple displays the answer usually using up to 10 digits, we can customize that in the following
way:

> eva_lf[ %, 6]; #This will display the answer with only six digits
1.23810
( 26 o . ..
> evalf o 20 |; #This will display the answer with twenty digits
1.2380952380952380952

It is useful to be able to use a previously computed result in the next instruction line that you want Maple
to execute. As seen before this can be done by using the ditto operator [ % ]. Let us perform another
division:

If we like the answer to be displayed as a decimal using 12 digits, we can enter

> evalf (%, 12); #This tells Maple to take the result of 6—78 from the line above, and to display it
in decimal form with 12 digits
9.71428571429

14



Following the previous examples, let us see how Maple works with exponents. For this example, we will
perform the following operation: * 32

Click on the icon “a? ” form the Expression palette

e Infa)
log,,(a) log,(a)

sin(a) cos(a) tan(a)

b »

Maple will show the expression “ a” ” ready to edit in order to be executed

Move the cursor, change the “a” and “b” characters, and enter the expression (i.e. 32 ). Do not forget to
input the semicolon [ ; ]. Hit the Enter key to execute the instruction

> 3%

9
Let us explore another example, when 2731% is entered, Maple will show you the exact answer (all 37
digits!)

> 2731,
3486901710858771471857936291044591857

15



Now for example, let us find the square root of four (v/4)

Click on the icon “+/a ” form the Expression palette

W Expression

: —b  ab

Va al
¢! Infa)

log;p(a) log,(a)

sin(a) cos(a) tan(a)

Maple will prompt the expression “va ” ready to edit in order to be executed

[} Ja

Move the cursor, change the “a” character, and type the expression (i.e. V4 ). Do not forget to type the
semicolon [ ; ]. Hit the Enter key to execute the instruction

>\/T;

2

Note: When working with radicals, after typing the radicand (in this case: 4), make you sure to move the
cursor to exit the square root symbol so you can put the semicolon and execute the instruction.

16



For the square root of positive real numbers which are not perfect squares (i.e. irrational numbers), Maple
gives you the exact answer in simplified form (it will not give you a decimal approximation like a

standard calculator).

> 28,
2J7

If we want the decimal approximation, you need to use the evalf() command again

> evalf(V28);

5.291502622

Let us see an example with absolute value. To find the absolute value of —45 (i.e. |—45]|)
Click on the icon “ |a| ” form the Expression palette

W Expression

¢! Infa)
log ,(a) log,(a)

sin(a) cos(a) tan(a)

() @ =
fla) f(a,b)

fi=a—)

Maple will display the expression “ |a| ” ready to edit in order to be executed

[> 1d

Move the cursor, change the “a” character (between the absolute value bars), and type the expression (i.e.

|—45]| ). Do not forget to type the semicolon [ ; ]. Hit the Enter key to execute the instruction

> |-45|;
45

17



Maple has in its library all of the important mathematical constants built in.

For example, to enter the constant i (Pi), find the respective symbol on the “Common Symbols™ palette
and click on it

W Common Symbols
G ij1e
ZHIdﬂU
= > F FE <<
L fa=n=
+ =Z € & ¢
N@gdJVY - A
Vvy=CRN
QZRIJ=I
"+ x /[ &
F o = «» - V
' X R 2 |
> m

If we want a decimal approximation, we type:

> evalf(%);
3.141592654

At this point, we have shown the use of the input methods for mathematical expressions (i.e. the standard
keyboard and the palette menu). We have gone over the same examples and shown how to type and
perform basic mathematical operations. From now on, the rest of the content will use a combination of
both input methods.

18



DOING ALGEBRAIC COMPUTATIONS WITH MAPLE

In this section you will learn how to use Maple to do some algebra.

All of the arithmetic operators discussed before can be used with variables and algebraic expressions.
Look at the following examples:

To simplify the expression: 2x + 6y + 3x — 8y, we can enter

> 2x+ 6y + 3x — 8y, # Maple combines the like terms for us
S5x—2y

To simplify: x® + 2x> — 3x + 2 — (—3x°% + 4x — 8) we can enter

> P +28 —3x+2— (—3x6 +4x— 8); # This is a subtraction of polynomials
4x° +2x° —7x+ 10

To multiply polynomials we must tell Maple to expand the answer, otherwise Maple leaves the problem
in factored form. For example, let us expand the following multiplication: (3x2 — 5x)(4x2 + 7x + 1)

> (3x2 —5)c)-(4x2 +7x+ 1);
(3x2 — Sx) (4)(2 + 7x+ 1)

> expand(%);
12x* +° — 324 — 5x

We can also square a binomial. For example, to find (x + 5)% we enter

> (x+5)%
()c—|—5)2

Again, we must tell Maple to expand the result if we want the binomial expansion of this expression

> expand(%);
¥+ 10x +25

We can raise a polynomial to any power. For example, to find the binomial expansion of (x+y) to the
fourth power that is (x + y)* we enter:

> expand( (x + y)4); # Notice the use of the expand( ) command around the expression
4 4x3y + 6x2y2 + 4xy3 +y4

19



On the other hand, Maple can factor for us. If we factor the answer we obtained above we should get back
the expression we started with

> factor(%);
(x +»)*

Another factoring example: Factor the polynomial a* + 9a® — a? — 9a completely.

> factor(a4 +948 —d —9a);
ala—1)(a+9)(a+1)

. . . . . . . .. t2-4
We can use the simplify command to simplify rational expressions. For example, to simplify —5 We can
enter

2 —_—
> simpliﬁ/[ £—4 j;

t+2

t—2
To find the square root of X that is v/x we enter
> \/7;

Jx
The absolute value expression |x — 8] is entered
> =8

e — 8|

We can assign a name to the result of a calculation or to an algebraic expression that we intend to use in
subsequent calculations. To assign a name we can use a colon followed by an equal sign [ := ]. When
making your assignment, do not forget that Maple is case sensitive so try to use lower case letters. Keep
the names short.

In the example below, we are assigning the polynomial 2x2 — x — 10 to the letter p.
Please keep in mind that we use assignments to save time typing, and p is just a name given to a location
in the computer’s memory where the algebraic expression is stored. Therefore, p, is not really an

algebraic variable.

> pi=2x —x— 10;
p::2x2 —x—10

20



Now that we have assigned the polynomial to the letter p, we can use p instead of the expression to do a
number of things:

> p;# This just shows you the contents of p
2x"—x—10

> factor(p);
(x+2)(2x—15)

Suppose that we would like to evaluate the polynomial for x=3. We can do this easily by using the subs()
command:

> subs(x =3, p);# This tells Maple to substitue x=3 into the expression
5

We can also solve the quadratic equation 2x? — x — 10 = 0 for x, by making p=0, and using the solve()
command:

> solve(p =0, {x});# This tells Maple to solve the equation 2¢ —x —10=0forx
=3} tx= 2

You can also obtain the same result by entering:

> solve(p, x);

=, -2
23

Notice that there are some differences. First, we did not tell Maple that we wanted to set p=0, but Maple
assumes this by default. Second, the variable x is not inside braces. This changes the way in which the
result is displayed (it does not say x=). You may choose to use the solve command in this way, but as you
can see it is not too clear to someone reading your paper what you are trying to do.

If you wish to assign a different expression to the same letter (or name) you must unassign the letter first
to clear the contents of the memory location. This is done in the following way:

> p=p
p=p

The variable p has been unassigned. It no longer equals 2x2? — x — 10 = 0. You can check this:

> p; # This shows you the current value of p (see above)
p

21



The variable p is now “free” and we can re-assign it to another expression

> p:=2x+3y,
p=2x+3y

Let us take a look at other uses of the solve( ) command.
You can solve the expression above for either variable:
> solve(p, {x});# This solves the equation 2x+3y=0 for x
__3
{x* 27 }
> solve(p, {y});# This solves the equation 2x+3y=0 for y

=1

Notice that in the two examples above, p does not appear in the answer. Why? Because you were solving
2x+3y=0. Remember that p is a location in memory and Maple sets the expression it contains equal to
zero by default.

Let us look at other examples. We want to set the expression in p equals to 6 that is 2x+3y=6, and solve it
fory:

> solve(p=6,{y});

L
Solving 2x+3y=6 for x:
> solve(p=6, {x});

e

) y

Solving formulas, for example to solve “A = P.r.t + P” for P you can enter:
> solve(A=P-r-t+ P, {P});

7]

rt+1

22



Solving a system of equations:

[x +2y=4 ]
3x+4y =6
In Maple we can enter:
> solve({x+2y=4,3x+4y=6}, {x,y});

{x=-2,y=3}

Note that we entered the equations between braces and separated by a comma. And the variables (i.e. X
and y) were also entered between braces and separated by a comma.

Solving equations with absolute value and square roots:

For the absolute value equation: |x + 3| = 12

> solve(|x + 3| =12, {x});
{x=9}, {x=-15}

For the square root equation: vx — 4 = 4

> solve(\/ x—4 =4, {x});

{x=20}
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COMMANDS IN PACKAGES

Maple offers some very useful commands that are found in packages. A package is a group of routines or
built-in functions related to a particular area of mathematics or a set of commands designed to help a
particular audience. For example, the student package was designed with students like you in mind. In
order to access commands contained in a package, you must use the with command first. Every time you
see the command with in this manual, you should know that we are using a package. For example, to use
the commands contained in the student package you must type with(student), as shown below:

> with(student);
[ D, Diff, Doubleint, Int, Limit, Lineint, Product, Sum, Tripleint, changevar, completesquare,
distance, equate, integrand, intercept, intparts, leftbox, leftsum, makeproc, middlebox,
middlesum, midpoint, powsubs, rightbox, rightsum, showtangent, simpson, slope, summand,

trapezoid)|
As seen above, Maple replies with a list of all the commands available in the student package. Let us
investigate some of them.
For example, let us find the slope (say “m”) of the equation of a line given in its standard form: 3x+2y=5

> m = slope(3x + 2y=75,y,x); # Slope given the equation of the line

3
' 2

Or, for example, let us find the slope of line when given two passing points: (1,2) and (5,6)

> slope([1,2],[5,6]);# Slope of a line given two passing points
1

If we want to find the distance (say “dist”) between two given points, for example: (1,2) and (5,6), we can
enter

> dist == distance([ 1, 2], [5, 6]); # Distance between two given points

dist =42

Or, if for example, we need to find the midpoint of line passing through two given points: (1,2) and (5,6),
we can enter

> mid = midpoint([1,2], [5, 6]); # Midpoint given two points
mid =3, 4]
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Now let us take a look at the geometry package:

> with(geometry);

[Apollonius, AreCollinear, AreConcurrent, AreConcyclic, AreConjugate, AreHarmonic,
AreOrthogonal, AreParallel, ArePerpendicular, AreSimilar, AreTangent,
CircleOfSimilitude, CrossProduct, CrossRatio, DefinedAs, Equation, EulerCircle,
EulerLine, ExteriorAngle, ExternalBisector, FindAngle, GergonnePoint, GlideReflection,
HorizontalCoord, HorizontalName, InteriorAngle, IsEquilateral, IsOnCircle, IsOnLine,
IsRightTriangle, MajorAxis, MakeSquare, MinorAxis, NagelPoint, OnSegment,
ParallelLine, PedalTriangle, PerpenBisector, PerpendicularLine, Polar, Pole, RadicalAxis,
RadicalCenter, RegularPolygon, RegularStarPolygon, SensedMagnitude, SimsonLine,
SpiralRotation, StretchReflection, StretchRotation, TangentLine, VerticalCoord,
VerticalName, altitude, apothem, area, asymptotes, bisector, center, centroid, circle,
circumcircle, conic, convexhull, coordinates, detail, diagonal, diameter, dilatation,
directrix, distance, draw, dsegment, ellipse, excircle, expansion, foci, focus, form, homology,
homothety, hyperbola, incircle, inradius, intersection, inversion, line, medial, median,
method, midpoint, orthocenter, parabola, perimeter, point, powerpc, projection, radius,
randpoint, reciprocation, reflection, rotation, segment, sides, similitude, slope, square,

stretch, tangentpc, translation, triangle, vertex, vertices |

For example, you are given the equation of a circle: (x + 4)? + (y — 3)? = 81 and you need to find its
center, its radius, and draw it. To do so we can use:

> circle(c, (x + 4)2 +(y— 3)2 = 81);

After typing this line, Maple will prompt a small window asking for the names of the horizontal axis and
the vertical axis

enter name of the horizontal axis > =)
Conca [
—
e name sf e =)
— —

All you need to do is to enter: x for the horizontal axis; y for the vertical axis; and click OK in both cases
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If the previous steps were done correctly, you should see the following output

> circle(c, (x + 4)2 +(y— 3)2 = 81);

Now, to obtain the details for the circle “c”, we just need to enter:

> detail(c); # Gives the details for the circle "c" defined above

name of the object c
form of the object circle2d
name of the center center ¢

coordinates of the center [ —4, 3]
radius of the circle V 81
equation of the circle 2 +y2 +8x—6y—56=0

To plot the circle defined above, we can type

> draw(c); # Creates a two-dimensional plot of objects supported in the geometry package

12

10

[

(=1

.

(=)

[

|
()

|
(=1
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Another example, let us say you are given the coordinates of the center of a circle (say: (-2,1) ) and its
respective radius (say: 6), and you need to find its equation and plot it.

We can type the following line:

> circle(cl, [ point(pt,-2, 1), 6]); # A circle cl given the center and radius
cl

As shown in the previous example, to get the details of the circle c1, we enter

> detail(cl);
assume that the names of the horizontal and vertical axes are X
and y, respectively

name of the object cl
form of the object circle2d
name of the center pt

coordinates of the center [ —2, 1]

radius of the circle 6

equation of the circle _x2 + _y2 +4 x—2 y—31=0

To draw the circle c1;

> draw(cl);

()

Note: There are many packages available, and we will use some of them later on
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Introductory Maple Lab. #1

Do the following exercises using Maple. Print your results to hand-in to your instructor

1) Q)24+ (4+8+4x%x2+7)+3
b) Solve for x: 1.5(4 —x) = 1.3(2 —x)
c) If P=2L + 2W, solve for W

2) Solve the following system of linear equations algebraically:
4x —y =10
3x + 5y =19

3) a) Factor completely: 6x? — 3x3

b) Factor completely: 12x? — 17x + 6
29

- - . x —
c¢) Simplify (Reduce to the lowest terms): Ry
d) Simplify: x?-12x+32 | x%-x-12

x2-6x-16 x2-5x—24

4) a) Solve: x? —2x — 35 =0

.3 2
b) Solve for x: ——+——=

0

5) a)Solve: Y1 —2x—2=0
b) Solve: V12 —x = x
c) Solve: [2x — 3| =5
6) Use the student package to find the slope of the line 2y =5x — 4
7) Use the student package to find the slope of the line passing through the points (1,5) and (-1,-1)
8) Use the student package to find the distance between the points (1,5) and (-1,-1)
9) Use the student package to find the midpoint between the points (-1,-1) and (5,3)

10) Use the geometry package to find the radius and center of the circle: (x — 1) + (y + 3)? = 4

28



WORKING WITH FUNCTIONS

We have seen how to assign expressions to a variable. We can use assignments to represent functions. For
example, we can think of p as being a function of x. However, Maple has a more convenient way of
defining functions. See below:

Textbook Notation | Maple Syntax
f(x) fim xm
g(x) gi=x—
h(t) h=t—

Note: The right arrow symbol (i.e. =) in Maple can be obtained by performing the following sequence in
the keyboard: - (+) Shift (+) >

For example, let us define a function f(x) = 2x? — x — 10. Notice that f(x) is the same as p from a

previous example.

> f= x—>2x —x — 10; # This tells Maple that f'is a function of x
f=x—>2 —x—10

We can do with f the same things that we did with p in a previous section. For example:

> factor(f(x));
(x+2)(2x—15)

Notice that the notation used here resembles closely what we use in mathematics. It is no longer necessary
to use the subs( ) command to evaluate the function when x=3. We just have to tell Maple that we want
f(3)

> f(3);# Evaluate the function f{x) when the input is 3
5

In this way we can easily evaluate the function for any input we want. Look at these following examples:

> f(2);
-4
> f(a);
’ 28 —a— 10
> fla+b);

2(a+b)?—a—b—10
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Performing operations with functions

We can also do operations on functions in Maple:

> flx+h) —f(x);
2(x+h)? —h—24

> fleth) —f(x)) |

h 2
2(x—|—h)2—h—2x2
h
> f(6.01) —£(6);
0.2302
> f(3) +£(2);
1
> f(3)/(2);
-20
> [03).
/(2)
el
4
Now let us define another function g(x) = 3x — 4
> gi=x—-3x—4
g=x—3x—4

We can now do combinations of functions using f(x) and g(x):

> f(x) + g(x); # The sum of the functions
2% +2x — 14
> f(x) — g(x); # The difference of the functions
2x% —4x—6
> f(x)-g(x);# The product of the functions
(222 —x—10) 3x—4)
> expand(%); # Expand the product above
6x° — 112 —26x + 40

; # The quotient of the functions

2272 —x—10
3x—4
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Finally, we may ask Maple to find the zeros of the function f(x), that is find the value(s) of x for which
the output of f is 0. In other words, we want to solve the equation f(x)=0 (this is the same as solving the
quadratic equation in the previous section)

> solve(f(x) =0, {x});# Find the zeros of the function

{x=%}, {x=-2}

If you wish to use the same name for a different function, you must “free” f (the same way that we did
with p in the previous section). Suppose, for example, that you no longer want f(x) to be the function
2x2 — x — 10, but you want it to be 3x2 — 4 instead. You must enter:

> =1

> flx)

The function name f(X) is now free and we can reassign it:

> fi=x—3x —4
f::x—>3x2 —4

> f(x);
37 —4
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GRAPHING FUNCTIONS

Now let us turn our attention to plotting graphs. We do this in Maple by using the plot( ) command. The
plot( ) command can be used in several ways. Although we can get a graph by entering the expression
directly into the plot( ) command, it is better to do assignment first, and then to use the variable name in
the plot( ) command. For example, we can plot the graph of 2x? —x — 10 by first assigning the
expression to p.

> pi= x—2x —x — 10;

p =x—2x —x— 10
Now we use p in the plot() command. Notice that p is playing the role of y.
> plot(p(x));
200
150

100

50

Notice the syntax above: p(x). This means in math language: “p of x”. When you are graphing an
equation you have to tell the software which variable is the independent variable. In our case it is “x”.

Notice also that Maple (by default) graphs the equations using x-values between -10 and 10. This range of

values for x would be like the “domain” of the function just for graphing purposes. We can also change
the scale to our convenience.
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For example, to change the x-scale in Maple the syntax is: x=low_value.. high_value

> plot(p(x),x=-5..5);

40

30

-4 —\i
-1

Since the vertical scale was not specified. Maple ag

2 4
X

ain chose the appropriate y-scale to show the entire

graph. The following example shows you how to specify the vertical scale as well.

> plot(p(x),x=-5..5y=-15..30);

30

2 4
x
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Let us explore more examples.

> [ =", # Clears f so that we can use it again
f=r
> f:= x—|x|; # The function f is the absolute value of x

f=x—NK

> plot(f(x));

-10 -5 0 5
X

> plot(f(x),x=-8..8,y=-2..8); # Using a different window size

8
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Continuing with the examples, now let us explore how to add some extra features to the graphs.

> gi= x—>x3; # This is a cube function

g =x—ox

You can add a title to your graph by using the title option in the plot command. Your title must be inside
guotation marks as shown below.

> plot(g(x), title = "Cube Function");

Cube Funchon
1000

500

=500

-1000

Now, suppose we want to plot two or more equations on the same x-y axes.

We must place both expressions inside square brackets and separated by commas: “[expressionl,
expression2]”.

You can graph both the cube and absolute value functions together as follows:

> plot([ f(x), g(x)],x=-20..20,y=-50..50, title
= "Graph of the Absolute Value and Cube Functions");

Graph of the Absolute Value and Cube Funchions

40
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Notice that someone who does not know math cannot tell which graph is which. We can add labels to the
graphs and use different plot lines styles so that it is clear what each curve represents.

> plot([f(x), g(x)],x=-20..20, y =-50... 50, title
= "Graph of the Absolute Value and Cube Functions", linestyle= [ 1, 4], legend
= ["Absolute Value", "Cube"]);

Graph of the Absolute Value and Cube Functons

40 1

—40

'
I— Absolute Value =+ = Cuhel

The linestyle option controls the dash pattern used to render lines in the plot. The syntax of the linestyle
option is:

linestyle=n

n=1, the line is solid
n=2, the style is dot

n=3, the line is dashed
n=4, the style is dash-dot

The legend option helps you to identify each graph being plotted. Its syntax is:
legend=s

A legend for a plot can be specified by either a string or a list of strings. When more than one curve is
being plotted then they must be specified as a list (and not a set) and there must be a legend for each curve
where the i-th curve is associated with the i-th legend.

The syntax above was taken from the Maple help system. Do not forget that the Maple help library

contains answers to most of your questions. Use it! Look at the examples and very soon you will become
an expert in Maple! This is just an introduction. There is much, much more to be explored.
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The next example shows you how to plot three functions together in the same x-y axes:

> pl :==x—-3x—75;
pl =x—3x—5

> p2: x—>—% +8;
1
p2 ::x—>—?x+8

> p3 = x—x* —20;
p3 =x—x* — 20

Now we can plot these three functions together.

The first example, shows you how to let Maple choose the scaling for you. When doing a lab, you should
use this option first to get an idea of how the graphs look like. Later, you can adjust the scale to suit your
needs. Experiment until you get the best possible graph for your lab assignment.

> plot([pl(x),p2(x), p3(x)]); # Automatic scaling

We can adjust the scale of the x-axis only:

> plot([pl(x),p2(x), p3(x)],x=-7..8);# Only the x-axis is scaled

40

37



Or we can just adjust both the x-axis and the y-axis if we want to:

> plot([pl(x),p2(x),p3(x)],x=-7..7,y=-21..20);# Here both axes are scaled

20
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1)

2)

3)

4)

5)

6)

7)

8)

Introductory Maple Lab. #2

If g(x) = x3 + 2x2 — 6, find: g(0), 9(-2), g(-1), 9(-2) — 1, g(0) + 2

Given f(x) = 8 — 2x2, compute:

ORIV and F4)-r(@3)
4-2 4-3

Let h(x) = v3x — 8

a) Find h(8)

b) Find h(24)

Graph p(x) =5 — 4x using:
a)—-2<x<2

b) -15<x<8

Graph:

a)f(x)=vx, 0<x<25

b) g(x) = |x|, —-20<x<20

Ifq(x) =2x% —4x—1
a) Graph q(x)

b) Identify the vertex

c) ldentify the intercepts

Graph the following on the same x-y axes:
jx)=2x+1landp(x)=x2—-5

Can you identify the intersection points of these two functions?
Use an appropriate viewing window

Graph the following on the same x-y axes: (Use an appropriate viewing window)
g1(X) = x2, g2(x) = x? + 5, g3(X) = (x + 5)2

a) Is there a difference between g1(x) and g2(x)? Explain

b) Is there a difference between g1(x) and g3(x)? Explain

c) Is there a difference between g2(x) and g3(x)? Explain
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MORE PRECALCULUS PROBLEMS AND EXAMPLES

For example, let us solve the following system of equations both algebraically and graphically:

-X+3y=10
X+y=2

> solve({-x+3y=10,x +y=2}, {x,3});
{x=-1,y=3}

Now let us do it graphically: first solve each equation for y:

> g:=solve(-x +3y=10,y);

> h=solve(x +y=2,y);

Then plot g and h as follows using different line styles. The solution is the point of intersection.

> plot([g, h], x, style = | line, point], title = "Systems of Equations");

Systems of Equations

10
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Instead of using style we can also use the “linestyle” command to do the same:

> plot(|g, h], x, linestyle= [ 0, 4], title = "System of Equations");

System of Equations

\.
\‘
N 10
\‘
~
N
\.
~
N 5 /
\
~
\.
N
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N
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-3 N
\.
~
"\

Working with piecewise functions

For example, let us plot the following piecewise function:

x?,  x<0
flx) = \/E;C 0<x<4

=, >4
> X

In Maple:

> fi= x—»piecewise(x < O,xz,x > 0andx <4, ﬁ,x >4, %j,

f:=x—>piecewise(x <0, xz, 0<xand x <4, \/;, 4 <x, %xj

> plot(f(x),x=-5..10, title = "Piecewise Function");

Piecewnse Function




Another way to create the same piecewise function is to use short programming code in Maple:

> dl := x—ifx < 0thenx* else ifx > 0 and x < 4 then \/ x else %end ifendif:

dl :=x—if x <0 then x* else if 0 <x and x < 4 then \/7 else %x end if end if

Clearly here, the first syntax is much easier than the second one. However if your major is computer

programming, then it is a good idea to start practicing your programming skills.

> dl == x—ifx < 0thenx’ elseifx > 0 and x < 4 then ﬁelse %end if end if;

dl :=x—if x <0 then x* else if 0 <x and x <4 then \/7 else %x end if end if

> plot(dl,-5..10,title = "Piecewise Function");

Piecewnse Function

Here is another example of piecewise function:
—x+ 1, ifx<1

gx) ={2x+3, if1<x<4

x?, otherwise

Notice that this is a discontinuous function

> g:= x—>piecewise(x <l,-x+Lx>landx<42x+4+3,x> 4,x2);

g :=x—>piecewise(x <l,x+L1<xand x<4,2x+3,4 <x,x2)
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Let us plot g(x) the usual way:

> plot(g(x),x=-10..10,y=0.. 50, title = " Another Piecewise Function");

Another Piecewise Function
50

40

30

Notice that Maple did not show the discontinuities! To see this function properly you should add:
‘discount=true’:

> plot(g(x),x=-10..10,y=0..50, title = "Another Piecewise Function",discont = true');

Another Piecewise Function
50

40

30
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MORE OPERATIONS ON FUNCTIONS: COMPOSITE FUNCTIONS

Let us define two functions: f(x) = 2x2 — 9x — 6, and g(x) = 3x — 4

> fi=x52 —9x—6;
f::x—>2x2 —9x—6

> g=x-3x—4
g=x—3x—4

We can use g(x) as the input to f(x)

> f(g(x));
2(3x—4)2 —27x+ 30

The process above is known as the composition of the functions f and g denoted by “f o g”. This is a very

common way of combining functions, therefore Maple provides a separate way of writing it:

> (f@g)(x);
2(3x—4)2 —27x+ 30

> simplify(%); # Simplifies the expression above
18x% — 75x + 62

Finding the Domain and the Range of a Function from the Plot

When plotting equations or functions, students must use the right viewing window. Suppose we want to

find the domain and range for the following function:

> k=x—>y9-yx—4;
kmxoJ9 —Jx &
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If we use the default scale in Maple we will not be able to find the right answer because the entire graph
will not be displayed.

> plot(k(x), title = "Function Plot with Maple Default Viewing Window");

Function Plot with Maple Default Viewing Window

But the same function using a different viewing window yields:

> plot(k(x),x=0..100, title = "Function Plot Using Specific Viewing Window");

Function Plot Using Specific Viewing Window

=

0.5

Clearly, when you the students, are trying to answer questions from a lab assignment, you must try
different viewing windows in order to provide the best possible answer. Remember that your labs and
projects are worth 20% of your grade.
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8 6
Now take a look at this function: b(x) = % — = — x5+ 517

b:=x—>%x8 — %x6 X 455

> plot(b(x), title = "Misleading Graph");

Misleading Graph
250000

200000
150000
100000

50000

Without scaling the axes, it would be impossible for a student to answer any question about the domain
and range as well as maximum, minimum, and also the zeros of the function. Now with the scaled axes:

> plot(b(x),x=-3..3,y=-20..50, title = "Proper Viewing Window");

Proper Viewing Window
50
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Here again when dealing with rational functions students must be careful in choosing their viewing

window. For example: m(x) = m

5 .
(x—1)(*—4)"

> mi=x—
5
(x—l)(x2—4)

m=x—

> plot(m(x), title = "Rational Function Graph");

Rational Function Graph

]

4

-10 —ST 0 5 10
X

Using the default scaling, the students will not be able to find the domain or range of this function as it
appears. Rescaling both x-y axes then we have:

> plot(m(x),x=-3..3,y=-10..10, title = "Rational Function Graph");

Rational Function Graph
10
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The same also applies in determining the asymptotes of a function such as:

x2
>t xX— 5 5
X +x—6
2
X
r:=x— >
X +x—6

> plot(t(x), title = "Finding Asymptotes for a Rational Function");
Fuding Asymptotes for a Rational Function

8
i

4

As you can see, beside the two vertical asymptotes it would be impossible to discuss anything else about

the above graph. But using the right viewing window we have the following

> plot(t(x),x=-30..15,y=-7..7, title = "Finding Asymptotes for a Rational Function");

Fding Asymptotes for a Rational Function

[

-

-30 =20 -10 0 10
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MODELING

Plotting points in Maple

Example — Use Maple to plot the following points: (-4,6), (-3,2), (-1,-6), (1,-14), (2,-18)
In Maple each pair must be inside square brackets

> pts = [[-4,6],[-3,2],[-1,-6],[1,-14], [2,-18]];
pts =[[-4,6],[-3,2],[ -1, -6],[1, -14],[2, -18]]

Plotting the points:

> plot(pts, style = point, thickness = 2, title = "Points Plot Example");
Pomts Plot Example

Note that you can use the least square fit method in the stats package to find the equation of the line
through the points shown above.

> with(stats);
[anova, describe, fit, importdata, random, statevalf, statplots, transform |

Note that the all commands shown above are built-in functions or procedures embedded inside the stats
package.

For this example, we will use the least square fit method to obtain the equation of the line through the
points shown lines above.

> fitlleastsquare[ [x,y]]]1([[ -4,-3,-1, 1, 2], [6, 2,-6,-14,-18]]);

y=-4x—10
Note:
The newer versions of Maple let solve problems in different ways using other commands. Thus, a
problem can be solved using commands supported in previous versions as hew commands implemented
for newer versions of the software.
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Linear Fitting

In the following example a set of ordered pairs is given and a linear function that fits the data will be
calculated to illustrate a practical case of modeling.

Example — Given: (X,Y) ={(3,5),(4,8),(5,9),(6,12),(7,15),(8,14)}, we can use the following commands to
do the linear fit (i.e. least square fit)

> with(Statistics);

[A.':‘lsofrgreDevfam)ﬁ AgglomeratedPlot, AreaChart, AutoCorrelation, BarChart, Bootstrap, BoxPlot, BubblePlot, CDF, CGF, CentralMoment, CharacteristicFunction,
ChiSquareGoodnessOfFitTest, ChiSguarelndependenceTest, ChiSguareSuitableModel Test, ColumnGraph, Correlation, CorrelationMatrix, Count, CountMissing, Covariance,
CovarianceMatrix, CrossCorrelation. Cumudant, CumulantGeneratingFunction. CumulativeDistributionFunction, CumulativeProduct, CumulativeSum, CumulativeSumChart,
DataSummary, Decile, DensityPlot, DiscreteValueMap, Discretize, Distribution, ErrorPlot, EvaluateToFloar, Excise, ExpectedValue ExpenertialFit, ExponentialSmoothing,
FailureRate, FisherInformation, Fit, FivePointSummary, FrequencyPlot, FrequencyTable, GeometricMean, HarmonicMean, HazardRate, Histogram, Information,
InteractiveDatadnalysis, InterquartileRange, InverseSwrvivalFunction, Join KernelDensity, KernelDernsityPlot, KernelDensitySample, Kurtosis, Likelihood,
LikelihoodRatioStatistic, LineCheart, LinearFilter, LinearFit, LogLikelihood LogarithmicFit, MGF, MLE, MakeProcedure, MaximumLikelihoodEstimate, Mear,
MeanDeviation, Mediar, MedianDeviation, MillsRatio, Mode, Moment, MomernitGeneratingFunction, Movingdverage, MovingMedian, MovingStatistic, NonlinearFit,
NormalPlot, OneSampleChiSquareTest. OneSampleTTest. OneSampleZTest, OnelWayANOVA, OrderByRank OrderSiatisiic, PDF, Percentile. PieChart, PointPlot,
PolynomialFit, PowerFit, Probability, ProbabilityDensityFunction, ProbabilityFunction, ProbabilitvPlot, PrafileLikelihood Prafileloglikelihood, QuadraticMean, Quantile,
QuantilePlot, Quartile, Random Variable, Range, Rank, Remove, RemovelnRange, RemoveNonNumeric, Sample, ScatterPlot, ScatterPlot3D, Score, Select, SelectlnRange,
SelectNonNumeric. ShapiroWillkidW Test, Shuffle. Skewness, Sort, SplitByColumn, StandardDeviation, StandardError, StandardizedMoment, SunflowerPlot, Support, SurfacePlot,
SwrvivalFunction, SymmetryPlot, Tally, Tallvinte, Trim, TrimmedMean, TwoSampleF Test, TwoSamplePairedT Test, TwoSampleTTest, TwoSampleZTest, Variance, Variation,
WeightedMovingdverage, Winsorize, WinsorizedMean|

> X:=[3,4,506,728];
X:=[3,4,5,6,7,8]

> y:=[5,8,912,15,14];
Y:=[5,8,9, 12,15, 14]

> ScatterPlot( X, Y);

144 .
124 s
104
2 B .
6
3 q 3 6 7 8

> [:= LinearFit([1,x],X, Y, x);
/

-0.342857142857149 + 1.97142857142857 x

Note:
See page 103 for more examples of linear fitting
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Exponential Functions

Let us plot the following functions: f(x) = 2%, h(x) = (i)x, a(x) = 10(%)"
In Maple:

> plot(fl(x),x=-5..5,y=0..40, title = "Exponential Growth");
# Note that here again we scale both x & y axes

Exponential Growth
40

30

> plot(f9(x),x=-10..3,y=0..50, title = "Exponential Decay");

Exponential Decay

50

X
s

> gl = x—>10'(%)
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Plotting multiple exponential functions on the same x-y axes:
> plot([ f1(x), gl(x),/9(x)],x=-5..5,y=0..40, linestyle= [ 1, 3, 4], thickness = 2, title
= "Exponential Functions");

Exponental Functions
140

You should be able to identify f1, f9, and g from the graph above

Note that in PreCalculus most of your labs will involve comparing functions. In that case you should
graph these functions on the same x-y coordinates in order to compare the functions.

Also if you are plotting more than two functions on the same X-y axes you need to use “linestyle” instead
of “style”.

When using “linestyle=[0,3,5,7...]” these values modify the style of the graph from solid line to dash, dot,
dot-dash, and so on.
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The Exponential Function

The exponential function with the natural constant “€” in Maple must be entered either using “exp( )” or
the respective symbol from the Expression Palette (see below)

Infa)
logm(.:) log..:(.:)

sin(a) cos(a) tan(a)

To enter “€” (the base of the exponential function) you must type:

> exp(1);

Or, use the operator “€%” from the Expression Palette

1
> ¢

If you want Maple to compute the exact value for “€©3”, you must enter

> exp(3);
e3
> evalf(%);
20.08553692
Or
> e3;
e3
> evalf(%);
20.08553692

53



Now let us plot the functions: g(t) = e and m(t) = 15e¢0:987¢

> q:= t—)et;
q = t—e
> plot(q(t),t=-3..5,y=0..30, title = "Exponential Growth with the natural constant e");

Exponential Growth with the natural constant &
30

> mi=1—15¢ 07,

mi=t—15¢l "1 00871

> plot(m(t),t=0..80, title = "Exponential Decay using the natural constant e");
Exponental Decay using the natural constant e

=




Exponential Curve Fitting

Note that some equations which have their parameters appearing nonlinearly can be transformed to linear
ones. For example, y = a * e?** can be transformed into: logy = A + b = x, where A = log(a)

Let us see the following example

> with(stats); with( fit);
[anova, describe, fit, importdata, random, statevalf, statplots, transform |

[leastmediansquare, leastsquare]

> X :=[0,30,50,70,80,90];
X =10, 30, 50, 70, 80,90]

> Y:=[76.1,123.2,151.7,204.9, 226.5,249.6];
Y:=[76.1,123.2,151.7,204.9,226.5,249.6]

> fifl leastsquare( [x,y],x=c +d-In(y), {c, d}]]([X, Y]);
x = -328.9788704 + 75.37481029In( y)

> gl = solve(x=-328.9788704 + 75.374810291n(y), »);
ql = e0.01326703173 x+4.364573113

In the result above, recall that e(0-01326703173+4.364573113) g the same as the product; e0-01326703173xx
e4~.364573113

Also notice that e4364573113 = 78 61583270. Therefore the formula becomes:
gL = 78.61583270¢ 001326703173+

> P=zip((x,y) = [x,y]. X, Y);
P:=[[0,76.1],[30, 123.2], [50, 151.7], [ 70, 204.9], [ 80, 226.5], [ 90, 249.6]]

Here the zip command will group X and Y into pairs of (x,y) points
The following graph represents the least square fit of the data points

> plot([ql(x), P],x=0..100, style = [ line, point]);

250 °
200
150

100
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Exponential Curve Fitting (continuation)

Using the same example shown previously, now let us see a different way to solve this same problem

Let us begin by enabling the packages: Statistics and plots

> with( Statistics);
| AbsoluteDeviation, AgglomeratedPlot, AreaChart, AutoCorrelation, BarChart, Booistrap, BoxPlot, BubblePiot, CDF, CGF, CentralMoment, CharacteristicFunction,

ChiSguareGoodnessQfFitTest, ChiSquarelndependenceTest, ChiSquareSuitableModelTest, ColumnGraph, Corvelation, CorrelationMartrix, Count, CownuMissing, Covariance,
CovarianceMatrix, CrassCorrelation, Cumulant, CumulantGeneratingFunction, CumulativeDistributionFunction, CumulativeProduct, CumulativeSum, CumulativeSum Chart,
DataSummary, Decile, DensitvPlot, DiscreteValueMap, Discretize, Distribution, ErvorPlot, EvaluateToFloat, Excise, ExpectedValue, ExponentialFit, ExponentialSmoothing,
FailureRare, FisherInformation, Fit, FivePointSummary, FreguencyPlot, FrequencyTable, GeomerricMearn, HarmonicMean, HazardRare, Histogram, Information
ImteractiveDatadnalysis, InterquartileRange, InverseSwrvivalFunction, Join, KernelDensity, KernelDensityPlot, KernelDensitySample, Kurtasis, Likelthood,
LikelihoodRatioStatistic, LineChart, LinearFilter, LinearFit, LogLikelihood LogarithmicFit, MGF, MLE, MuakeProcedure, MaximumLikelihoodEstimate, Mean,
MeanDeviation, Median MedianDeviation, MillsRatio, Mode, Moment, MomentGeneratingFunction, Movingdverage, MovingMedian, MovingStatistic, NowlinearFit,
NormalPlot, OneSampleChiSquareTest, OneSampleTTest. OneSampleZTest, OneWayANOVA, OrderByRank, OrderStatistic, PDF, Percentile, PieChart, PointPiot.
PolynomialFit, PowerFit, Probability, ProbabilityDensitvFunction, ProbabilityFunction, ProbabilityPlot, ProfileLikelihood ProfileLogLikelihood, QuadraticMean, Quantile,
QuentilePlor, Quartile, Random Variable, Range, Rank Remove, RemovelnRange, RemoveNonNumeric, Sample, ScarterPlor, ScarterPlot3D, Score, Select, SelectlnRange,
SelectNonNumeric, ShapiroWilldV Test, Shuffle, Skewness, Sort, SplitByColumn, StandardDeviation, StandardError, StandardizedMoment, SunflowerPlot, Support, SurfacePlor,
SwrvivalFunction, SymmetryPlot, Tally, Tallvlnto, Trim, TrimmedMearn, TwoSampleF Test, TwoSamplePairedT Test, TwoSampleTTest, TwoSampleZTest, Variance, Variation,
WeightedMovingdverage, Winsorize, WinsorizedMean|

> with( plats):

[zmzmrrgg mlzy;azdd animatecurve, arrow. changecoords, complexplot. complexplot3d. conformal, conformal3d contowrplot, contourplot3d coordplot. caordplot3d, densityplot.
display. dualaxisplor. fieldplor. fieldplot3d gradplot. gradplot3d implicitplot. implicitplot3d inequal interactive, interactiveparams, intersectplot, listcontplot, listcontplot3d
listdensitvplot, listplot, listploi3d loglogplot, logplot, matrixplot, multiple, odeplot, pareto, ploicompare, pointplot, poiniploi3d, polarplot, polygonplot, polygonplot3d,
polyhedra_supported, polvhedraplot, rootlocus, semilogplot, setcolors, setoptions, sefoptions3d, spacecurve, sparsematrixplot, surjdata, texiplot. texiplot3d tubeplot]

Defining the values for X and Y

> X = [0,30,50,70,80,90];
X =10, 30,50, 70, 80, 90]

> Y= [76.1,123.2,151.7, 204.9, 226.5, 249.6];
Y:=[76.1,123.2,151.7, 204.9, 226.5, 249.6]

To find the scatter diagram, we can use the command ScatterPlot

Y:=[76.1,123.2,151.7,204.9,226.5,249.6]
> ScatterPlot( X, Y);

220
200
120 4

160 4

1209
1004

30
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Finally, to obtain the exponential function that fits the given data, we can use the command
ExponentialFit

> gl := ExponentialFit( X, Y, x);
ql -=78.9519995255586 e0.0131870263651163x

If we wish to draw the scatter diagram along with the exponential function found previously, we can use
the command plots[display]

> plots[display](ScatterPlot( X, Y), plot(ql(x),x=0..90));

240
220
200
120
160
140
120

100

20 4

Note:
See page 102 for more examples of exponential curve fitting
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Trigonometric Curve Fitting

In the following example, a set of ordered pairs is given and the relation between the variables is not
linear.

Let us explore how a trigonometric function can be interpolated and fit the data.

(xy) = { (1,10.2) (2,10.7) (3,11.5) (4,12.5) (5,13.3) (6,13.9) (7,14.1) (8,13.6) (9,12.7) (10,11.9) (11,11)
(12,10.4) }

> with(Statistics) :

> X=1[1,2,3,4,567,8,9,10,11,12];
X:=[1,2,3,4,56,7,8,9,10,11,12]

> y:=[102,10.7,11.5,12.5,13.3,13.9, 14.1, 13.6, 12.7, 11.9, 11, 10.4];
Y:=[10.2,10.7,11.5,12.5, 13.3, 13.9, 14.1, 13.6, 12.7, 11.9, 11, 10.4]

> f:= Fit(a-sin(b-x+c¢) +d, X, Y,x);
f:=1.90952528629500sin(0.514215777685724x + 4.41515614417956)
+ 12.1149518137403

The zip command will group X and Y into pairs of (x,y) points

> Pi=zip((x,y) =[xy, X, Y);
P:=[[1,10.2],[2,10.7], [3, 11.5], [4, 12.5], [5, 13.3], [6, 13.9], [7, 14.1], 8, 13.6], [9,
12.7], [10, 11.9], [11, 111, [ 12, 10.4]]

The following graph represents the trigonometric fit of the data points

> plot([f(x), P],x=0..13, style = [ line, point]);

14

Note:
See page 115 for more examples of trigopnometric modeling
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Logarithms in Maple

The common logarithms are entered in the following way.
For log;, 100, we enter:

> log[10](100);

Or, we can use the logarithm operator from the Expression Palette:

W Expression
ath a—hbh al
'I—‘ f Ja
Va a

o [n(a)
G0

sin(a) cos(a) tan(a)

> log,,(100);

Once again, if you want Maple to give you the decimal value, you must enter evalf(%)

> evalf(%);



The following example computes the logarithm in base 2 of 8 and gives the answer in decimal form:

W Expression
ath  a—hb ab
'F—! i Ja
Va a

sin(a) cos(a) tan(a)

fr=(a,b) ==

l -Xx x<a

=

= a X x=2a

n o

S L
i

i=t dx

k
J_." dx

> evalf(logz(S));

f(x)

For the logarithmic equation log,(3x — 5) = 2, the syntax is:

> log,(3x—5) =2

In3x—35) _ )
In(2)
We can also solve the above equation for x:
> solve(log2(3x —5)=2, {x});
{x=3}

For natural logarithm: In(x) — In(2x — 1) = 2, in Maple the syntax is:

> In(x) —In(2x —1) =2;
In(x) —In(2x—1)=2
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Next, let us plot some graphs of logarithm functions: r(x) = log(x) and r1(x) =logs(x + 1)

r=x—log,(x)

> ri=x—log,,(x);
rl :=x—logs(x + 1)

> rl = x—logs(x + 1);
2..10, style = [ line, point], thickness = 2, title

> plot([r(x),rl(x)],x
= "Graphs of Logarithmic Functions");

Graphs of Loganthnuc Functions

0.5
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Natural Logarithms

For example, let us graph the following functions: h(x) = In(x), j(x) = In(x)+1, and k(x) = In(x-2)

> h:= x—In(x);
h:=x—In(x)
> j:=x—lIn(x) + 1;
j=x—In(x) + 1
> k:=x—In(x—2);
k:=x—In(x —2)

Graphing all the functions on the same x-y axes

> plot([h(x),j(x), k(x)],x=-2..10, linestyle= [ 1, 3, 4], thickness = 2, title
= "Natural Logarithm Functions");

Natural Loganthm Functons
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Trigonometric Functions

In Maple, m is entered either as “Pi” or using the symbol located on the “Common Symbols” Palette.

For example:
>l )
1

Or,

¥ Common Symbets
@e i j 1w
TN 4nU
2> FPEs<
tfa=n~-=
FEFEES
NGV A
Vy=CRN
QLRJ=|
4+ =-x /1
Fos oV
IS h 0]

Note: By default, when working with Trigonometric functions, Maple is set to operate with radians. If
you need to work in degrees, you should make the proper conversion beforehand.
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> g = x—sin(x);
g :=x—sin(x)

> plot(g(x),x=0..2m, title = "Sine Function");

Sine Function
1
0.5
]
roor 3n
4 2 4
-0.5

For example, let us graph: h(t) = sin(3t)+4

> h=1t—sin(31t) +4;
h=t—sin(3¢) + 4

> plot(h(t),t=0..2m, title = "Shifted Sine Function");

Slufted Sme Funchon
5

4.5

35

|
)
w
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=
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=

w
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Al
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Cosine Function

> u = t—cos(?);
=t—cos(1)

u:
> plot(u(t),t=0..2m, title = "Cosine Function");

Cosme Function
!

0.5

=05

Another example, let us graph k(t) = 5*cos(t — 0.875)

> k= t—5-cos(t — 0.785);
k:=t—5cos(t — 0.785)

> plot(k(t),t=0..2m, title = "Cosine Function with Horizontal Shift");

Cosme Function with Honzontal Shnft

=)

R E]
o




We can also have multiple graphs of trigonometric functions on the same x-y axes

> plot([sin(x), cos(x) ], x =-m .., title = "Graph of the Sine and Cosine Functions", linestyle
= [1, 4], thickness = 2, legend = ["Sine", "Cosine"]);

Graph of the Sme and Cosme Functons
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Sme — - — Cosme

Another example:
al(t) = cos(t), a2(t) = cos(t) — 2, a3(t) = cos(t) — 4
> al = t—cos(t);

al =t—cos(t)
> a2 = t—cos(t) —2;
a2 =t—cos(t) —2
> a3 = t—cos(t) + 4
a3 =t—cos(t) + 4
> plot([al(t),a2(t),a3(t)],t=-2m..2m, title = "Shifted Cosine Functions", linestyle=[1, 2, 4],
thickness = 2, legend = [ "cos(t)", "cos(t)-2", "cos(t)+4"]);

Slufted Cosme Funchons

. -3
cos(t) -+ r cos(t)-2 = — cos(t)+4 |




We can use Maple to solve trigonometric equations, for example:

-4} v 3]

Tangent, Cotangent, Secant, and Cosecant Functions

> solve(sin(q) +2-cos(q) = 1, {q});

> hl == x—tan(x);
hl :=x—tan(x)

> plot(hl(x),x=-27..2m, y=-10..10, title = "Tangent Function");

Tangent Functon
10

1
IE]
!
T

> h5 = x—cot(x);
h5 :=x—cot(x)

> plot(h5(x),x=-27..27,y=-3..3, title = "Cotangent Function");

Cotangent Function
3

ola

67



> h6 == x—csc(x);
h6 :=x—csc(x)
> plot(h6(x),x=-27..2 1,y =-4..4, title = "Cosecant Function");
Cosecant Function

4

3

El
w
5
o

> h7 = x—sec(x);
h7 :=x—sec(x)

> plot(h7(x),x=-271..27,y=-5..5, title = "Secant Function");

Secant Function

I

Note that the above functions are very important in our day-to-day living. For example, ordinary
household alternating current, sound from musical instrument, radio transmissions, suspension systems in
automobiles, modeling suspension bridges such as the Verrazano, the Golden Gate, and so on. Practical

applications will be assigned as a lab or final project.
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Animated Plots of Trigonometric Functions (Sine and Cosine)

All of the following animations use the plots package:

> with(plots);
[ animate, animate3d, animatecurve, arrow, changecoords, complexplot, complexplot3d,

conformal, conformal3d, contourplot, contourplot3d, coordplot, coordplot3d, densityplot,

display, dualaxisplot, fieldplot, fieldplot3d, gradplot, gradplot3d, implicitplot,

implicitplot3d, inequal, interactive, interactiveparams, intersectplot, listcontplot,

listcontplot3d, listdensityplot, listplot, listplot3d, loglogplot, logplot, matrixplot, multiple,

odeplot, pareto, plotcompare, pointplot, pointplot3d, polarplot, polygonplot, polygonplot3d,

polyhedra_supported, polyhedraplot, rootlocus, semilogplot, setcolors, setoptions,

setoptions3d, spacecurve, sparsematrixplot, surfdata, textplot, textplot3d, tubeplot]

To see how the period affects the sine wave, enter the following commands. Right click on the graph and
choose Animation. Then select Play.

> display(plot(sin(x), x=0..2 , color = red), animate(sin(w-x),x=0.2m, w=1..3, color
= blue, thickness = 2) ) ;

05
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To see how the amplitude affects the sine wave, enter the following commands. Right click on the graph
and choose Animation. Then select Play.

>display(plot( sin(x),x=0..2m, color = red), animate( (1 + a) -sin(x),x=0..2mw,a=0..1,
color = blue) );
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To see how the midline affects the sine wave, enter the following commands. Right click on the graph and
choose Animation. Then select Play.

>
display[plot[sin(x), X =—% ..2m, color= red), am’mate[ (sin(x) +a),x =—% L2ma=0

T . T T
S color = green, thickness = 2], animate[sm(x —a),x=- 5 - 2w, a=0.. > color

)

(=)

noom Toon
24 4 2
-1
cut Cutex
Copr [N
Copy Special ’
2 cul
v 2
Style
Syl
Lin
Py
Caler
Tansparency [T
— ¢ Fonwands
Legend { Backmrds !
- — e { Ositse
XK £z Scaling Carstramed
n o v Sing
Masipulator { Comtious
Prabe Inf
— Incresse FP5
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APPLICATIONS

AND

ADDITIONAL EXAMPLES
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So far we have gone over the basic commands, packages, and use of Maple for a quick get-to-know. In
the following pages we will explore the use of Maple in terms of applications. Recall that Maple is like an
“advanced graphic calculator”.

One of the most common misconceptions that many students have is that Maple is here to “solve” the
math problems. Maple is a powerful tool that when used wisely can make your life easier when dealing
with math problems or projects. Maple does not and will not do the analysis for you. Thus, it is of capital
importance that you must first understand the math concepts and definitions before attempting to type any
instruction on Maple. If you do not have the math knowledge clear in your mind, you may end up even
more confused after using Maple to complete an assignment or lab.

A practical rule of thumb to start working on a math project is to read the problem, to understand the
problem, to use a scratch paper, and to sketch a solution draft of the problem. Then once you have the
“figure” clear, you may proceed to use Maple to make the calculations or graphs you need in order to
solve the problem.

Note:

For reference and didactic purposes, some of the examples shown in the following pages have been taken
from the text book:

PreCalculus

Concepts through Functions

A Unit Circle Approach to Trigonometry with Supplement Appendix by Natalia Mosina

Second Custom Edition for LaGuardia Community College

Michael Sullivan — Michael Sullivan 111

Pearson
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Curve Transformations and Family of Curves

A curve transformation might be defined as a chain of successive changes made to a single curve (or
function) in order to obtain a more elaborated or complex curve. Likewise, the plot of these successive
transformations on a same x-y coordinate system is what we may call a family of curves.

Let us explore a couple of examples.

Example 1

Given the function f(x) = x3, let us perform some changes (transformations) and graph all of them in the
same X-y axis

-> For example, let us shift the function five units up
This means: f(x) +5

Or, in other words: x3 + 5

Let us call this new function f1(x)

Therefore: f1(x) =x3 +5

-> For example, let us shift the function three units down
This means: f(x) — 3

Or, in other words: x3 — 3

Let us call this new function f2(x)

Therefore: f2(x) = x3 - 3

-> For example, let us shift the function two units to the right
This means: f(x — 2)

Or, in other words: (x — 2)3

Let us call this new function f3(x)

Therefore: f3(x) = (x — 2)3

-> For example, let us shift the function one unit to the left
This means: f(x + 1)

Or, in other words: (x + 1)3

Let us call this new function f4(x)

Therefore: f4(x) = (x + 1)3

-> For example, let us multiply the function by four
This means: 4*f(x)

Or, in other words: 4x3 (the function f(x) gets shrunk)
Let us call this new function f5(x)

Therefore: f5(x) = 4x3

- For example, let us multiply the function by negative one fourth
. 1
This means: — Z*f(x)

Or, in other words: — ix3 (the function f(x) gets stretched)
Let us call this new function f6(x)
Therefore: f6(x) = — %x3
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After doing all the transformations shown previously, now let us plot both the original function (i.e. f(x))
and each different transformation (one by one at a time)

To do this in Maple, let us just define the base function (i.e. f(x)) and each new function separately.

> = x—>x3; # This is the original or base function
fi=x—x
> fl:= x—x + 5; # This the base function shifted five units up
f1 =x—x +5

> plot([ f(x),f1(x)],x=-5..5,y=-20..20, linestyle= [ 1, 3], legend = [ "f(x)=x"3",
l()=(x3)+5"]);

fx)="3 — — Fl(x)=(z"3)+5 |

> 2= xox —3;
# This is the base function shifted three units to the down

2 =xoxr —3

> plot([ f(x),£2(x)],x=-5..5,y=-10 .. 10, linestyle= [ 1, 3], legend
= ["f(x)=x"3", "2(x)=(x"3)-3"]);

=" — — BEEE")-3 |
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> = x—ox—2)%
# This is the base function shifted two units to the right
3=x—(x— 2)3

> plot([ f(x),/3(x)],x=-5..5,y=-10.. 10, linestyle= [ 1, 3], legend
= ["M)=x3", B3 (0~(4-2)3"]);

i

_mf_
= — — P2 |

> ff=x—(x+ 1)3;
# This is the base function shifted one unit to the left

f4:=x—(x+ 1)3

> plot([ f(x),f4(x)],x=-5..5,y=-10 .. 10, linestyle= [ 1, 3], legend
= ["f(x)=x"3", "fA(x)=(x+1)"3"]);

Fm=e's — — M= 13 |
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> f5:=x—4 x3; # This is the base function multiplied by four

f5:=x—4x

> plot([ f(x),f5(x)],x=-5..5,y=-10 .. 10, linestyle= [ 1, 3], legend
= ["fX)=x"3", "T5(0=4(x"3)"]);

fm=e"3 — — B(x)=4z"7) |

> 16 = x—>—%x3;
# This is the base function multiplied by negative one fourth

f6::x—>—%x3

> plot([ f(x),f6(x)],x=-5..5,y=-10..10, linestyle=[ 1, 3], legend
= ["f(x)=x"3", "f6(x)=-1/4(x"3)"]);

- 1E| d
fz)=e"3 — — fil=-Liiz"3) |
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Now let us graph a little more “elaborated” transformation:

-> For example, let us shift the function two units to the left, multiply the result by three, and move it five

units up
This means: 3*f(x+2)+5
Or, in other words: 3(x + 2)3 + 5
Let us call this new function 7(x)

Therefore: f7(x) =3(x + 2)3 +5

> f7=x-3(x+2)° +5;

7 =x—3(x+ 2)3 +5
> plot([f(x),f7(x)],x==5..5,y=-15..15, linestyle= [ 1, 3], legend = [ "f(x)=x"3",
"f71(x)=3*((x+2)"3)+5"]);

fiz)="3 — — FIE=3*(zH )35 |
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Example 2

Given the function g(x) = sin(x), let us perform some changes (transformations) and graph all of them in
the same x-y axis as we did in the previous example.

But first, let us recall the basics of trigonometric functions.

In general a typical trigonometric function looks like:
Axsin(w*t+ @)+ D

Now let us identify the key elements of a trigonometric function:
A = Amplitude

w = Angular Frequency, in radians per second [g]

t = Time, usually in seconds [s], is the argument of the function

¢ = Phase, it can be given in degrees or radians
D = A vertical shift, it can be upward or downward

It is also important to remember some key relations or formulas which apply to trigonometric functions:
Ww=2x*xmx*f

Where:

f = Frequency, in Hertz [Hz]

S

f =
Where:
T = Period, usually given in seconds [s]

We are now ready to explore some changes that can be made to the function g(x) = sin(x)

-> For example, let us double the angular frequency of the trigonometric function
This means: g(2x)

Or, in other words: sin(2x)

Let us call this new function g1(x)

Therefore: g1(x) = sin(2x)

-> For example, let us double the amplitude of the trigonometric function
This means: 2*g(x)

Or, in other words: 2*sin(x)

Let us call this new function g2(x)

Therefore: g2(x) = 2*sin(x)

-> For example, let us reduce the angular frequency of the trigonometric function by half
This means: g(%)

Or, in other words: sin(5)

Let us call this new function g3(x)

Therefore: g3(x) = sin()
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-> For example, let us reduce the amplitude of the trigonometric function by half
This means: %*g(x)

Or, in other words: %*sin(x)

Let us call this new function g4(x)

Therefore: g4(x) = %*sin(x)

-> For example, let us shift the trigonometric function % radians to the left
This means: g(x + %)
Or, in other words: sin(x + g)

Let us call this new function g5(x)
Therefore: g5(x) = sin(x + %)

> For example, let us shift the trigonometric function = radians to the right
3

This means: g(x - g)

Or, in other words: sin(x - g)

Let us call this new function g6(x)
Therefore: g6(x) = sin(x - g)

To do this in Maple, as seen previously, let us just define the base function (i.e. g(x)) and each new
function separately.

> g := x—sin(x); # This the original or base trigonometric function
g :=x—sin(x)
> gl = x—sin(2x); # This is the base function wiht the angular frequency doubled
gl :=x—sin(2x)

> plot([g(x),gl(x)],x=0.2m,y=-1.5..1.5,linestyle= [ 1, 3], legend = "g(x) = sin(x)","g1 (x)
=sin(2x)"]);

g6 = sn(x) — — glGo=sin(2x) |
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> g2 := x—2-sin( x); # This is the base function wiht the amplitude doubled

g2 :=x—2sin(x)

> plot([g(x),g2(x)],x=0..2m,y=-2.5..2.5,linestyle= [ 1, 3], legend =[ "g(x) = sin(x)","g2(x)

=2-sin(x)"]);

> g3:= xﬁsin(%

(=)

\
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\
roor 3dn mN\ZIE 3r Tn g
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¥\ /
\ /
A\ /
\ /
AN s
e
[ B(x) = smx) — — g2(x) = 2* sm(x) |

); # This is the base function with the angular frequency reduced by half

g3 :=x—>sin( % xj

> plot([g(x),g3(x)],x=0..4m, linestyle=[1, 3], legend = [ "g(x) = sin(x)",

"g3(x) = sin(x/2)"]);

glx) = sinx) — — g3(x) = sin(x/2) |
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> g4 = x—>% -sin(x); # This is the base function with the amplitude reduced by half
g4 = x—>% sin(x)

> plot([g(x), g4(x)],x=0..2m, linestyle= [ 1, 3], legend = [ "g(x) = sin(x)",
"gd(x) = (1/2)-sin(x)"]);

0.5

=05

g(x) = sinx) — — pA(x) = (112)*sin(x) |

> g5:= x—>sin(x + % ); # This is the base function shifted % radians to the left

g5 :=x—>sin(x + % TC)

> plot[ [g(x),g5(x)],x=- % .2, linestyle= [ 1, 3], legend = [ "g(x) = sin(x)",

"g5(x) = sin(x+n/4)"]j;

o) = snz) — — g5(x) = Gz |




> g6 = x—>sin(x— % ); # This is the base function shifted % radians to the right
g6 :=x—>sin(x — % TC)

> plot([g(x), g6(x)],x=0..3, linestyle=[ 1, 3], legend = [ "g(x) = sin(x)",
"g6(x) = sin(x-1/3)"]);

gx) = sin(x) — — ghi(x) = sin(z-n/3) |

Now let us graph a more “general” transformation:

- For example, let us triple the angular frequency, shift  radians to the right, double the amplitude, and
move 4 units up the trigonometric function

This means: 2*f(3x - ) + 4

Or, in other words: 2*sin(3x — ) + 4

Let us call this new function g7(x)

Therefore: g7(x) = 2*sin(3x —m) + 4

> g7 :=x—2sin(3-x — 1) +4;
g7 =x—2sin(3x—n) +4

> plot([g(x),g7(x),x=0..2m,y=-1..6, linestyle=[ 1, 3], legend = [ "g(x) = sin(x)",
"g7(x) = 2*sin(3x-m)+4"]);

i ~ /
[\ ,’/ \ / \\
5 / 1 r‘f \ J \
\
4 ff \ / \\ jj’ \
! \ /
\ ! \ /
/ ! \
yo3\ / \ | /
2 \J \/ \,/
1
0
kd kS ﬁ T 5w & Tn in
4 2 4 2
-1 x
| g(x) = sinfx) — — g7(x) = P*sin(3x-m)+4 |
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Applications of Quadratic Functions

Applications of a quadratic function (i.e. parabola) can be found in many fields. For instance, problems
that involve physics, economics, statistics, modeling, and so on. A useful tip when solving text problems
is to understand the text and sketch a draft of the problem. This approach can help you greatly because
you are “translating” a text or plain information into a graph or diagram.

Before getting to the examples, let us revisit the basics of the quadratic function

In general, a quadratic function (i.e. a polynomial of degree 2) may be represented as:

ax?+bx+c

Where:
“a”, “b”, “c” are the coefficients. All of them are real numbers. Note that “a” must not be zero (i.e. a # 0)

The two most common representations of a quadratic equation are:

- The Standard Form: y = ax? + bx + ¢
- The Vertex Form: y — k = p(x — h)?

We can obtain the vertex form of a quadratic equation from its standard form by using the following
relations:

b
k=y(=52)

" 2a
It is also important to remember some useful properties such as:
- X — Intercepts, i.e. the solutions of ax? + bx +¢c =0

__ —b+vb%-4ac

2a

—-b—-Vb2-4ac

2a

—> Coordinates of the vertex (h, k), i.e. the highest or lowest point of the graph (as the case may be):
b b
V= (-2, (=)
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Now, let us explore some examples.

Example 1

The height h (in feet) of a stone thrown by a catapult is given by the following quadratic equation:

h=—x?t2xt4
= EX X

Where X is the horizontal distance (in feet) from where the stone is thrown.

Based on this given information:

a) Draw a sketch the problem

b) Graph the quadratic equation using an adequate scale

c¢) Find how high the stone was when it left the catapult’s bucket

d) Find how high the stone was when it reached its maximum height
e) Find how far from the catapult the stone hit the ground

Solution:

Part a)

To draw a sketch of the problem, let us just image the situation:

- The catapult has a certain height which needs to be considered

- The movement described by the stone will look like a parabola that opens down
- The stone will hit the ground after some time

Keeping in mind all of these facts, a sketch of problem is shown below:

. B Maximum

. Stone Height T
Height of the catapult e
3

=T =N =N =l =1 =l =l =1 =f ="

L3 *

Horizontal Distance
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Part b)

To graph the quadratic equation in Maple, we can use the plot command. To find out a proper scale for
the graph, we need to keep in mind that there is no negative horizontal distance, thus the window size for
the x values to plot the equation should begin from 0. Likewise, we need to consider that there is no
negative height, therefore the other value for x to plot the equation should be chosen carefully. If you
need to play with the scale for the x axis, feel free to do it!

> plot(—%xz ~|—2x+4,x=0..34];

204

Part c)
To find how high the stone was when it left the catapult’s bucket, or in other words, how high the stone
was when it was thrown, we just need to observe carefully the graph of the quadratic equation. See below.

201

h-Height (Feet) 10-|

2
x - Horizontal Distance | Feet)

As shown above, we can see that the x-y axes are our reference system.
From a physical point of view, the initial height of the stone to be thrown is the height of the catapult’s

bucket. From a mathematical point of view, the initial height of the stone to be thrown is the y-intercept
of the graph of our quadratic equation.
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To find the y-intercept of our quadratic equation, we just need to plug the value of x=0 in the equation
and calculate the value. In other words, we need to substitute the value of x=0 in the quadratic equation
and find the value.

To begin, let us define in Maple our quadratic function:

> h= x—>—%x2 +2x + 4

h::x—>—1—16x2+2x+4

Then, let us calculate the value of the function when x=0:

> h(0);

Therefore, the initial height of the stone to be thrown, i.e. the height of the stone was when it left the
catapult’s bucket is 4 feet.

Part d)

To find how high the stone was when it reached its maximum height, or in other words, the maximum
height the stone reaches after being thrown; we need, again, to observe carefully the graph of the
guadratic equation. See below.

h-Height (Fest) 10-]

In math language, this means to find the y-coordinate of the vertex of the parabola (i.e. the vertex of our
guadratic equation)

Let us remember that the coordinates of the vertex (h, k) of a parabola is given by the following formula:
b

V= (g h(-5)

2a

Where:
h = ax? + bx + c is the standard form of a quadratic equation.
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Now let us identify the coefficients “a” “b” and “c” for our quadratic equation

ax’+bx+c = I—;x2+2x+4

Therefore:
a=-1/16
b=2
c=4

Once we have the values of a, b, and c, now let us proceed to calculate the y-coordinate of the vertex of
our parabola by using:

Y-coordinate = h(— %)

“5t)

Therefore, the maximum height reached by the stone after being thrown is 20 feet.

20

Part e)
To find how far from the catapult the stone hits the ground, let us observe the graph of the quadratic
equation. See below.

h-Height (Feet) 10

T T T
0 10 20 30
x - Hovizonl Distemce ( Feet)

In math language, this means to find the x-intercepts of the parabola (i.e. the x-intercepts of our quadratic
equation)
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Let us remember that the x—intercepts or the solutions of the equation ax? + bx + ¢ = 0, are given by the
following formulas:

—-b+Vb?%—4ac

1= 2a

-b—-Vb2-4ac

X2 = 2a

Since we already have the values of the coefficients: “a” “b” and ““c”, we might replace those values in the
expressions shown above, make the calculations, and obtain the respective values for x;and x,

However, if you are not enough careful with such calculations, you can easily get a wrong value.
Thankfully, in Maple we have the command solve which can be used to solve the equation:

I—éxz + 2x + 4 =0, and find the x-intercepts of our quadratic equation.

> solve[ —sz +2x+4=0, {x});

16
{x=16 -85}, {x=16+8/5}

> evalf(%);
{x=-1.88854382}, {x = 33.88854382)

Our gquadratic equation has two x-intercepts:
x,=-1.888
x,=33.888

Nevertheless, in problem that involves a quadratic equation, having two roots (or x-intercepts) does not
necessarily mean that we have two correct answers.

As mentioned before, in this problem we need to keep in mind that there is no negative horizontal
distance. This means that a negative x-intercept should not be considered. Therefore, we just use the value
of the other x-intercept (the positive one)

Thus, the ball hit the ground when it was 33.888 feet away from the catapult after being thrown.
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Example 2

A famous soccer player kicks a ball with an initial velocity of 80 feet per second. The height “y” (in feet)

of the ball is given by the following quadratic equation:
—32x?
Yx) = 802 +x

Where: X is the horizontal distance of the ball (in feet) from the starting point.

Based on the information given above, answer the following questions:
a) Draw a sketch the problem

b) Graph the quadratic function using an appropriate scale

c¢) How far from the starting point is the height of the ball a maximum?
d) What is the maximum height that the ball reaches?

e) How far from the starting point will the ball strike the ground?

Solution:

Part a)
The approach to solve this problem is the same that was shown for the previous problem.

To draw a sketch of the problem, let us read carefully and consider the following:

- The ball is launched from ground, there is no initial height

- The movement described by the ball will also look like a parabola that opens down

- The ball will strike the ground after some time reaching its maximum horizontal distance

Keeping in mind this information, a sketch of problem is shown below:

Maximum
Height

V = 80 feet/sec .*
9__ ) vy
H=H=H=0==H=H=H=/= ==/ Gound

-

Horizontal Distance
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Part b)

To graph this quadratic equation in Maple, we can use the plot command. To find out an appropriate
viewing window, we need to consider that there is no negative horizontal distance, thus the window size
for the x values to plot the equation should begin from 0. Likewise, we need to consider that there is no
negative height, therefore the other value for x to plot the equation should be chosen carefully. Again, feel
free to play with the scale for the x axis.

~32.57

(80%)

> plot +x,x=0.200|;

509

301

201

T T T !
0 a0 100 130 200

Part c)
To find how far from the starting point the ball reaches its maximum height, we need to look at the graph
of the quadratic equation. See below.

v -Height (Feet)

T T T |
0 30 100 130 200
x - Horizontal Distace ( Fear)

As shown above, we can see that the x-y axes are our reference system.
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To find the horizontal distance from the starting point where the ball reaches its maximum height we need
to find the x-coordinate of the vertex of the parabola (i.e. the vertex of our quadratic equation)

Let us remember that the x-coordinate of the vertex of a parabola is given by the following formula: — %

Now let us identify the coefficients “a” “b” and “c” for our quadratic equation

ax?+bx4c = —2x2 44
(80)2

Therefore:
-32

0)2

(8
b=1
c=0

Once we have the values of a, b, and c, now let us proceed to calculate the x-coordinate of the vertex of
our parabola by using:
. b
X-coordinate = ——
2a
> 1

2[ o) ];

Therefore, the horizontal distance from the starting point where the ball reaches its maximum height is
100 feet.

100

Part d)
To find the maximum height that ball reaches after being launched, we need, again, to see carefully the
graph of the quadratic equation. See below.

40

v -Height (Feet)

204

T T 1
0 30 100 150 200
x - Horizontal Distance ( Fest)
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To obtain the maximum height reached by the ball, we need to find the y-coordinate of the vertex of the
parabola (i.e. the vertex of our quadratic equation)

Let us remember that the y-coordinate of the vertex of a parabola is given by the following formula:
b
y(=32

Since we already found the coefficients a” “b” and “c” for our quadratic equation in the previous
guestion, we just proceed to calculate the y-coordinate of the vertex of our parabola:

> L
32 )’
2. —
[ (802)]
100
2
s -32-(100%) 4 100:
(80%)
50

Therefore, the maximum height reached by the ball is 50 feet.

Part e)
To find how far from the starting point the ball hits the ground, let us observe the graph of the quadratic
equation. See below.

404

v -Height (Feet)

204

0 50 100 130 200
x - Horizontal Distancs  Foat)

We need to find the x-intercepts of the parabola (i.e. the x-intercepts of our quadratic equation) in order to
get the point where the ball strikes the ground after being launched.

To do so, in Maple we can use the command solve

—32.47

(80%)

> solve +x=0, {x} |;

{x=0}, {x=200}

93



Our gquadratic equation has two x-intercepts:
x1=0
x,= 200

The first solution (x;= 0) tells us the point from where the ball was launched (i.e. the starting point). The
second solution (x,= 200) informs us the point where the ball hits the ground.

Therefore, the ball hit the ground when it was 200 feet away from the starting point.
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Analyzing a Function

Functions is one of the most important chapters in math. Many PreCalculus and Calculus classes look into
this topic in detail. And consequently, new math concepts come up and often many students struggle to
understand the subject. There is no magic receipt to catch with functions. You are encouraged to devote a
fair deal of time in order to be able to understand and comprehend the concepts involving function
analysis. Let us not forget that Maple is just a tool, and you are the one who thinks and solves the

problems.

Now, let us explore some examples in Maple.

Example 1*

Given the following function: f(x) = —1.2x* + 0.5x% — v/3x + 2

a) Graph the function

b) Approximate graphically any absolute extrema

c) Find the zeros of the function

d) Determine the x-interval(s) where f(x) is increasing or decreasing

Solution:

Part a)
To begin, let us define our function f(x) in Maple:

> fi=x—>-12 'x4+0.5'x2—\/?-x+2;
fr=x—(-1)-12x* +05¥% — /3 x+2

Let us plot the function f(x) by using the command plot

> plot(f(x));

-2000 4

-<4000 -

-6000

-3000 -

-10000 4
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Part b)
Before approximating any absolute extrema of the function, let us remember the following:

An absolute extremum can be an absolute maximum or an absolute minimum of a function on its entire
domain.

The formal way to obtain an absolute or local maximum or minimum of a function is to use the derivative
of the function and solving the equation: f'(x) = 0. The solutions of this equation are the so called
critical points of a curve. However, for this example, the use of the derivative is slightly out of scope.

With the first plot we just made in the previous question it may not so easy to approximate the absolute
extrema of the function. Thus, in order to obtain a fair approximation, let us make a zoom in of the
previous graph by changing the viewing window.

> plot(f(x),x=-2.2);

From the above graph, we can say that the function f(x) has one absolute extrema: one absolute maximum
at x = -1 (approximately)

Part c)
The zeros of any function are the x-values where the function is equal to zero. This, graphically, means
the points over the x axis where the sketch of the function crosses the x axis.

To find the zeros of the function, in Maple, let us use the command solve:

> solve(f(x) =0, {x});
{x=0.913361500441301}, {x=0.279279070287826 + 1.077830442362851}, {x =
-1.47191964101695}, {x =0.279279070287826 — 1.077830442362851}

As we can see, the equation f(x) = 0, has four solutions which means the function h(x) has four zeros;
xq1 =0.913,x, =0.279+1.077 X i,x3 = —1.471,x, = 0.279 — 1.077 X i

Thus, the function f(x) has two real zeros and two imaginary zeros
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Part d)
To determine the x-interval(s) where f(x) increases or decreases, we need to use the previous result we
have obtained: the absolute extrema

Let us review:
- One absolute maximum at x = —1 (approx.)

If we place it using a real-number line:

-0 I = o

-1

In order to establish in which interval(s) the function is increasing or decreasing, let us use the graph of
the function along with the line shown above.

> plot(f(x),x=-2..0);

-10 4

- From —oo to x = -1, the function increases (it goes upward)
- From x = -1 to 400, the function decreases (it goes downward)

*Taken from:
Chapter 3, Polynomials and Rational Functions
Page 210, Problem 104
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Example 2*

3x2-3x

Given the following function: R(X) = ————

a) ldentify which type of function is
b) Graph the function

c) Find the asymptotes of the function
d) Find the domain of the function

e) Find the range of the function

Solution:

Part a)

To tell which kind of function is, we just need to carefully look at it

The numerator is a polynomial of second degree (i.e. quadratic). The denominator is a polynomial of
second degree as well. Since the function R(X) is given in a fractional form, we can conclude that it is the

case of a rational function.

Part b)
To start with, let us define our function first:

2
> Rim yooX T3
2+ x-12
2_
R::xﬁgx—h
X +x—12

Now let us graph our rational function using the command plot:

> plot(R(x));
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Part c)
Before finding any asymptote of the function, let us remember the following:

An asymptote may be defined as a line or curve that approaches a given function closely, but they never
touch each other. The distance between the function and its asymptote(s) approaches zero as they tend to
infinity. In general, there are three types of asymptotes:

- Vertical Asymptotes (They have the form: x = h)

- Horizontal Asymptotes (They have the form: y = k)

- Oblique Asymptotes (They have the form: y = mx + n)

Strictly speaking an asymptote is the calculation of a limit. Even though the formal study of the limits and
asymptotes of a function is out of scope for this manual, students are highly encouraged to get to know
about these subjects especially during pre-calculus classes.

Fortunately, Maple has a package that allow us to find the asymptotes of a curve. We need to use the
package Student-Calculusl, and use the command Asymptotes.

> with(Student| Calculusl));

[ AntiderivativePlot, Antiderivative Tutor, Approximatelnt,
ApproximatelntTutor, ArcLength, ArcLengthTutor, Asymptotes,
Clear, Critical Points, CurveAnalysisTutor, DerivativePlot,
DerivativeTutor, DiffTutor, ExtremePoints, FunctionAverage,
FunctionAverageTutor, FunctionChart, FunctionPlot,
GetMessage, GetNumProblems, GetProblem, Hint,
InflectionPoints, IntTutor, Integrand, InversePlot, InverseTutor,
LimitTutor, MeanValueTheorem, MeanValueTheoremTutor,
NewtonQuotient, NewtonsMethod, NewtonsMethodTutor,
PointInterpolation, RiemannSum, Rolles Theorem, Roots, Rule,
Show, ShowIncomplete, ShowSolution, ShowSteps, Summand,
SurfaceOfRevolution, SurfaceOfRevolutionTutor, Tangent,
TangentSecantTutor, TangentTutor, TaylorApproximation,
TaylorApproximationTutor, Understand, Undo,
VolumeOfRevolution, VolumeOfRevolution Tutor, WhatProblem |

Then, to find the asymptotes of our rational function R(x):

> Asymptotes(R(x));
[y=3,x=-4,x=3]

From above, we can see that our rational function R(x) has three asymptotes: one that is horizontal, and
two that are vertical.

- Vertical Asymptotes: x=-4,and x =3

- Horizontal Asymptotes: y = 3
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Part d)
Let us remember that the domain of a function may be defined as the set or range of x-values where the
function acts or works. Or, in other words, the domain is the set of x-values where the function makes
sense.

To find the domain of our rational function R(x), we need to keep in mind that its denominator cannot be

equal to zero. This means that we need to find such x-values (if any) which make the denominator equal
to zero. And, therefore, those values will not be part of the domain of the function.

2_
Let us observe that for our rational function R(x) = H the denominator is: x2 + x — 12.

To find the values that will not be part of the domain of the function, we need to solve the equation:
2 —
x“+x—-12=0

> solve(x2 +x—12=0, {x});
{x=3}, {x=-4}

From above we can see that the solutions of the previous equation are the values that will not belong to
the domain of our rational function. In other words, the forbidden values for x are: - 4 and 3.

Therefore, the domain of our rational function R(X) is:
{x € R|x # —4, x # 3}, this means: All real numbers except x =-4, and x =3

Or if we use the interval notation:
x € (—o0,—4) U (—4,3) U (3, +0)

Part e)
Let us remember that the range of a function may be defined as the set or range of y-values which
conform the output of the function.

To find the range of a function (in general) may not be straightforward because usually the independent
variable is “x” and the dependent variable is “y”. This means that y is a function of x (i.e. y in terms of x).
For this reason, often it is easier to identify and determine the domain than the range.

A practical rule of thumb to find the range of a function is to look carefully the graph of the function and
to consider the horizontal asymptotes as the forbidden y-values that will not be part of the range.
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Let us observe one more time the graph of our rational function:
.
304

204

From above, by simple inspection we can say that the range of our rational function is all real numbers
except y = 3 [the horizontal asymptote, see part ¢)].

Therefore, the range of our rational function is:
{yeER|y#3}

Or if we use the interval notation:
y € (—9,3) U (3,+x)

*Taken from:
Chapter 3, Polynomial and Rational Functions
Page 249, Example 4
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Modeling

Mathematical modeling is one of the most interesting disciplines and can be applied to many other
sciences, for example: physics, biology, meteorology, engineering, statistics, finances, economics, etc.
Several types and classes of modeling can be found in text or reference books. The mathematical models
can range from simple and static to complex and dynamic.

One of the most common applications of math modeling is when we want to create a framework of data
presented as a collection or set of ordered pairs in a table or chart. Then, to look for an equation which
allows us to find a possible relation between two given variables.

The same approach taken to address problems that involve applications of functions applies when solving
modeling problems. This means: To read the problem, to understand what the problem is about, to
identify which math concepts may be involved, to interpret the math model and its results, and finally to
elaborate conclusions based on analysis.

In the following pages we will explore some examples in Maple involving modeling. In particular we will

focus on linear modeling, quadratic modeling (a particular case of polynomial modeling), exponential
modeling, and trigonometric modeling.
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Example 1 — Linear Modeling

Demand for Jeans*
The marketing manager at Levi Strauss wishes to find a function that relates the demand (d) for men’s
jeans and the price of the jeans (p). The following data were obtained based on a price history of the
jeans:

Price “p” Demand “d”
( $/pair ) ( Pairs of Jeans sold per day )
20 60
22 57
23 56
23 53
27 52
29 49
30 44

Answer the following questions using Maple:

a) Does the relation defined by the set of ordered pairs (p,d) represent a function?

b) Draw a scatter diagram of the data

¢) Find the line of best fit relating price and quantity demanded

d) Interpret the slope

e) Express the relationship found in part c) using function notation

f) What is the domain of the function? Take into account a real life setting of the problem
g) How many jeans will be demanded if the price is $28 a pair?

h) What should be the price of jeans to sell at least 50 pairs a day?

Solution:
Part a)
Let us consider “p” (the price) as the independent variable (i.e. the input) and “d” (the demand) as the

dependent variable (i.e. the output).

By definition, a function is a set of ordered pairs (or coordinate pairs) where for each origin point exists a
unique destination point. Or, in other words, for each “x” value exists one and only one “y” value.

If we take a look carefully at the given set of values, we can see that the value p = 23 is repeated and has
two different correspondent d values (i.e. d = 56 and d = 53 respectively).

Therefore, we can conclude that the relation defined by the set of ordered pairs (p,d) does not represent a
function.
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Part b)
Since many modeling problems require the use of statistical calculations heretofore we will use the
package Statistics to enable all of its built-in functions or procedures.

To begin with, let us define our set of ordered pairs (p,d) as an array (or vector) of successive humbers
separately, i.e. one array for “p”, and one array for “d”

> p=[20,22,23,23,27,29,30];
# p-values defined as an array of numbers
p:=1[20,22,23,23,27,29,30]

> d:=[60,57,56,53,52,49,44];
# d-values defined as an array of numbers

d:=1[60,57,56,53,52,49, 4]

Now, let us use the package Statistics:

> swith(Statistics)

| AbsolueDeviation, AgglomeraredPlot, AreaChart, AutoCorrelation, BarChart, Bootstrap, BoxPlot, BubblePlot, CDF, CGF, Centrall L C. s on, ¢} InessOfFitTest, Ch Test, Ch bl ITest,
Colh Correlation, C 2 Count, C Covariance, Covari CrossCorrelation, Cumudart, C CumulativeDisirib [ [& c g hart,
DataSummary, Decile, DensityPlor, D 0 >, Discretize, Distribution, ErrorPlot, EvaluateToFloat, Excise, ExpectedValue Ex IFi, B> i i F, . yPlot, FrequencyTuble,
G 1 Histogram. Intera b quartileRange, Inve Join, KernelDensity, KernelDensityPlot, KernelDensitySample, Kurtosis, Likelthood, Likel LineChart,
LinearFiiter, LinearFit, LogLikelihood, Logar MGF, MLE, ) fure, 1 lihoodEstimate, Mean, MeanDeviation, Median, MedianDeviation, MillsRatio, Mode, Momeni, MomeniG Movingdverage,

IPlot, O leChiSquareTest, Oy TTest, O Test, OnelVayANOVA, OrderByRank. OrderStatistic. PDF, Percentile, PieChart, PointPlot, PolynomialFit, PowerFit, Probability, ProbabilityDensityFunction,

ProbabilityFunction, ProbabilityPlot, ProfileL ikelihood, ProfileLogl ikelihood, QuadraticMean. Quantile, QuantilePlot, Quartile, RandomVariable, Range, Rank Remove, R v Sample, ScatterPl lot3D, Score, Select,
SelectlnRange, SelectNonNumeric, ShapiroWilkiVTest, Shuffle, Skevwness, Sort, SplitByColinn, StandardDeviatio 3 Support, t SurvivalFunction, SymmetryPlot, Tally, Tallylnio, Trim, TrimmedMear,
b Test, Ty ? Test, JeTTest, Ty Test, Variance, Variation, z verage, Winsorize, Wi IMean]

To draw our scatter diagram of the data, we can use the command ScatterPlot

> ScatterPlot(p, d);
# Note that the arguments are the arrays previously defined

60
531
564
544
521

50+

21 %5 = 5 »
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Part c)
The line of best fit is also known as the least-square line. It is one of the simplest math and statistical
models. To find it in Maple, we can use the command LinearFit

> LinearFit([x, 1], p, d, x);
-1.33552631578947 x + 86.1973684210526

Part d)
From the previous result, we can see that the slope of the line of best fit is negative (m = - 1.3355).

Having a negative slope in our math model means that as one variable increases the other variable
decreases. If the price for the jeans is expected to go up, then the demand for these jeans is likely to go
down. This case adjusts to the real life because usually when the price of one product or good tends to be
more and more expensive, the respective demand for this product or good tends to be less and less, and
vice versa.

Part e)
As we can see from part ¢), the result of executing the command LinearFit is that we obtain a function in

[33% 1)

terms of “x”. One might wonder why this is happening since the working variables are “p” and “d”. The
answer is that by default Maple associates the input variable (i.e. “p” in this case) as the independent
variable on the horizontal axis (i.e. “x”); and the output variable (i.e. “d” in this case) as the dependent
variable on the vertical axis (i.e. “y”).

The way Maple represents the result of calculating a math model (i.e. “y” as a function of “x”) should not
cause confusion and students ought to be able to identify and relate quickly the variables for a given

problem.
To express our line of best fit as a math function: y(x)

> y = x—-1.33552631578947 x + 86.1973684210526;
y:=x—(-1)-1.33552631578947 x + 86.1973684210526

Part f)
For math modeling purposes we need to set a “domain” for our function so it could be found and studied
furthermore.

When studying and applying math models to real life examples, part of a good analysis is to distinguish in
which case(s) for a given problem a model can be used and in which case(s) the model should not be
used.

For example, in theory, the domain of the math function we just found is from x = 0 to any positive real
number. However, as x becomes greater than 64.5418 (x-intercept of our function) and according to our
math model we would have a negative demand. This means the price of the jeans would be very
expensive that nobody would be willing to buy those jeans anymore. The latter is not necessarily true
since there can be people with enough money willing to acquire the jeans in matter.
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On the other hand, the value of x = 0 (i.e. price = $0.00) suggests that the jeans are free of cost, and this is
unrealistic.

To answer this question, and using a real life scenario at the same time, we can venture to say that domain
for our linear function might be: x € [15, 60]. This means that the price for the jeans might range from
$15 to $60.

Part g)
To find how many jeans would be demanded when the price is $28, we just need to use our linear
function we obtained previously:

(I 1)

y =-1.3355x + 86.1973, where “x” is the price of jeans and “y” is the demand of the jeans

Let us plug the value x = 28 and make the calculation:

y = -1.3355(28) + 86.1973
y =-37.394 + 86.1973
y = 48.8033

From the result above we can infer that when the price of jeans is $28, approximately 48 pairs will be
demanded.

Part h)
To find the suggested price of the jeans if we want to assure a demand of at least 50 pairs a day, we need
to use again our math function.

y =-1.3355x + 86.1973, where “x” is the price of jeans and “y” is the demand of the jeans
Let us plug the value y = 28 and solve the equation for x

50 = -1.3355x + 86.1973

1.3355x = 86.1973 — 50

1.3355x = 36.1973

X =27.1039

Therefore, we can infer that if we want to sell at least 50 pairs a day, then we should set a price of $27 at
most.

*Taken from:
Appendix C, Hands-On Laboratory Supplement with Projects. Enhanced Pre-Calculus Learning Experience
Page 23
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Example 2 — Quadratic Modeling

Advertising*
A small manufacturing firm collected the following data on advertising expenditures, A, (in thousands of
dollars); and total revenue, R, (in thousands of dollars).

Advertising “A” | Total Revenue “R”

20 6101
22 6222
25 6350
25 6378
27 6453
28 6423
29 6360
31 6231

a) Use the command ScatterPlot to make a scatter diagram. Comment on the type of relation that may
exist between the two variables

b) Find the quadratic function of the best fit to the data. Express the solution using function notation

c) Predict the total revenue when the optimal level of advertisement is spent. In other words, use your
guadratic model to approximate the maximum total revenue R given the present data (think of what vertex
represents in this case). Use your current knowledge of Maple commands to present your solution
showing all your work

d) Graph the scatter diagram and the best fit parabola together

Solution:

Part a)
To start with, let us define our set of ordered pairs (A,R) as an array of numbers separately, i.e. one array
for “A”, and one array for “R”

> 4 :=[20,22,25,25,27,28,29,31];
4 :=1[20,22,25,25,27,28,29,31]

> R = [6101, 6222, 6350, 6378, 6453, 6423, 6360, 6231];
R :=[6101, 6222, 6350, 6378, 6453, 6423, 6360, 6231]

Now, let us use the package Statistics:

> with( Statistics);
[AbsoluteDeviation, AgglomeratedPlot, AreaChart, AutoCorrelation, BarChart, Boststrap, BoxPlot, BubblePlot, CDF, CGF, Central) CharacteristicFunction, €} nessOfFitTest, Chi Test, Chi bl ITest,

Coll Correlation, C 1 Count, C. Covariance, C 1 CrossCorrelation, Cumulan, C: CumulativeDistrib C: , C , C 1 hart,
DataSummary, Decile, DensityPlot. Di: e ), Discretize, Distrib ErrorPiot. EvaluateToFloat. Excise, ExpectedValue. Ex IFit. Ex A 2 Fit . vPiot, FrequencyTable,
G o Histogram, Intera ly g I 1ge Inve Join, KernelDensity, KernelDensityPlot, KernelDensitySample. Kurtosis, Likelthood, Likel) LineChart,
LinearFilter, LinearFit, L ikelihood, L i MGF. MLE. A dure, M mLikelihoodEstimate, Mean. ) Devi Median, MedianD: ion MillsR Mode, Moment. MomentGeneratingFunction, Movingdverage, MovingMedian,

P f A Plot, O; leChiSquareTest, O TTest, O Test, OnelWayANOVA, OrderByRank, OrderStaristic, PDF, Percentile, PieChart, PointPlot, PolynomialFit, PowerFit, Probabiiiy, ProbabiiinyDensinFunction,
ProbabilityFunction ProbabilityPlot, ProfileLikelihood ProfileLogLikelihood, QuadraticMean. Quantile, QuantilePiot, Quarfile, RandomVariable. Range, Rank Remove, R R Vori Sample, ScatterPlot, lot3D, Score, Select,
SelectInRange, SelectNonNuneric, ShapiroWilliV Test, Shuffle, Skewness, Sort, SplitByColunn, StandardDeviatio 2 3 Support, . SurvivalFunction, SymmetryPlot, Tally, Tallybnto, Trim, TrimmedMean,
T Test. Ty I Test, v [eTTest. T Test, Variance, Variation, e ! verage, Winsorize. Vi i1 ]
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To draw our scatter diagram, let us use the command ScatterPlot

> ScatterPlot(A, R);

6450
6400
€550
€500
6250
6200

6150

0 2 24 & 3 0

From the scatter diagram, by simple inspection, we may say that it looks like the relation between the
amount of advertising expenditures “A” and the amount of total revenue obtained “R” follows a
guadratic-function pattern (i.e. parabola). One might argue that a linear model should be used instead.
However a least-square line may not be accurate to represent the relationship between these variables.
From the scatter diagram it can be seen that the revenue reaches a top value and then decreases, this
certainly suggests a second-degree polynomial tendency.

Part b)
To find the function of the best fit to the data in this case: a quadratic function let us use the command
PolynomialFit

> PolynomialFit(2, A, R, x);
942.721090975116 4+ 411.875035316437 x — 7.75957075395547 x°

Note that regarding the arguments of the command PolynomialFit:

* The number 2 means that we are interested in getting a polynomial of second degree (i.e. a parabola). If
we wish to obtain a polynomial of third degree, then we should enter the number 3 instead. In general, we
can calculate a polynomial fit for a given data by specifying the degree of the polynomial within the
arguments of the command PolynomialFit.

* The letters “A” and “R” are the arrays of the numbers previously given

* The variable “x” is the variable (by default) in which Maple shows the result as a typical function of “x”
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To express the solution as a function notation:

> = x—942.721090975116 + 411.875035316437 x
— 7.75957075395547 +;

y:=x—942.721090975116 + 411.875035316437x + (-1)
-7.75957075395547 x°

Where “x” is the amount of advertising expenditures (A); and “y” is the amount of total revenue (R)

Part c)
If we wish to predict the total revenue “R” when the optimal level of advertising “A” is spent using our
quadratic model, we need first to take a look closely at the scatter diagram

6450
€400
6550
6500
6250
G200

6150

20 % 2 =% ® 0

From the scatter diagram, and as mentioned before, we can see that the revenue “R” comes to a top value
and then decreases. Applying this math modeling case to a real life scenario means that taking extreme
measures is not always a good choice.

If the firm spends a few thousands of dollars in advertisement, then the firm will not obtain profitable
revenue. And the opposite applies as well: if the firm spends several thousands of dollars in
advertisement, it is not likely that its revenue will continue skyrocketing.

Nevertheless, making use of our math model we can find an optimal level of advertising spent at which
the firm will obtain its maximum total revenue.

To obtain the optimal level of advertising, we need to find the x-coordinate of the vertex of our quadratic
equation (i.e. parabola)

Let us recall that the x-coordinate of the vertex of a parabola is given by the following formula:

==

2a

Where:
y = ax? + bx + c is the standard form of a quadratic equation.

109



Identifying the coefficients “a” “b” and “c” for our quadratic function
ax? + bx+c¢ = —7.7595x? + 411.8750x + 942.7210

We obtain:

a=-7.7595
b=411.875
c=0942.721

Therefore,
X-coordinate = 2
2a

(411.875)

> ___\x 1.0/ |
(2)-(-7.7595) ’

26.54004768
This means that the optimal level of advertisement is approximately: $ 26.54 thousand of dollars
Now, to predict the maximum total revenue for the firm investing $ 26.54 thousand of dollars in
advertisement, we need to use our quadratic function, to plug the value x = 26.54 in and to make the

calculation:

y(26.54) = —7.7595 * (26.54)% + 411.8750 * (26.54) + 942.7210
y(26.54) = 6408.312

Therefore, the maximum total revenue that the firm can obtain is approximately $ 6408.312 thousands of
dollars when an amount of $ 26.54 thousand of dollars is spent in advertisement.
Part d)

To draw the scatter diagram and the best fit parabola together, let us follow the steps in Maple:

—> Let us name our scatter diagram as “SP”

> SP := ScatterPlot(4, R);
SP:=PLOT(...)

-> Let us name the plot of the function y(x) as “PM”. Again note that we need to set a viewing window
for the function y(x). In this case let us take the values from x = 20 to x = 31

> PM := plot(y(x),x=20..31);
PM =PLOT(...)
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-> Let us use the command plots so that the scatter diagram and the parabola can be drawn together and,
optionally, edit the graph to present an appropriate title:

> plots|display](SP, PM);

Avertising vs. Revenue

6400 4

6300 4

w- Revenue "R"

62001

6100 1

h m o m o:m @
x - Adverfising" 4"

Note: The objective of this example was to illustrate one of the simplest cases of polynomial modeling
(i.e. quadratic modeling). As the case may be, polynomials of higher degrees can be used to model the
data more accurately. However, to make a depth analysis of a polynomial function and to find its maxima
and minima requires knowledge of basic calculus. Although the formal study of some calculus topics is
out of scope for this manual, the reader is highly encouraged to get familiar with such concepts.

*Taken from:
Appendix C, Hands-On Laboratory Supplemental with Projects. Enhanced Pre-Calculus Learning Experience
Pages 23, 24
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Example 3 — Exponential Modeling

“Internet Traffic”
An engineering student conducted a field study on how fast the amount of data rate on the Internet (i.e.
Bandwidth) increased during the broadcast of live event via YouTube in a city. The following table shows
the elapsed time (in minutes) during the transmission of the event and the amount of bandwidth (in
Gigabits per second) registered by the student

Minutes “M” Bandwidth “B”
(in Gigabits per second)
0 76.1
30 123.2
50 151.7
70 204.9
80 226.5
90 249.6

Based on the previous information, answer the following questions:

a) Find an exponential model for the Internet traffic growth

b) Plot both the data points and the model on the same X-y axis

¢) Comment on the model

d) Use the exponential model to predict the bandwidth consumption after two hours

Solution:

Part a)
Let us first define the set of ordered pairs (M,B) as an array of numbers separately.

In Maple:

> M= [0,30,50,70,80,90];
M =10, 30, 50, 70, 80, 90]

> B:=[76.1,123.2,151.7,204.9, 226.5,249.6];
B:=[76.1,123.2,151.7,204.9, 226.5,249.6]

Now, let us use the package Statistics:

> swith(Statistics)

| AbsolueDeviation, AgglomeraredPlot, AreaChart, AutoCorrelation, BarChart, Bootstrap, BoxPlot, BubblePlot, CDF, CGF, Centrall L C. s on, ¢} InessOfFitTest, Ch Test, Ch bl ITest,
Colh Correlation, C 2 Count, C Covariance, Covari CrossCorrelation, Cumudart, C CumulativeDisirib [ [& c g hart,
DataSummary, Decile, DensityPlor, D 0 >, Discretize, Distribution, ErrorPlot, EvaluateToFloat, Excise, ExpectedValue Ex IFi, B> i i F, . yPlot, FrequencyTuble,
G 1 Histogram. Intera b quartileRange, Inve Join, KernelDensity, KernelDensityPlot, KernelDensitySample, Kurtosis, Likelthood, Likel LineChart,
LinearFiiter, LinearFit, LogLikelihood, Logar MGF, MLE, ) v, A lihoodEstimate, Mean, MeanDeviation, Median, MedianDeviation, MillsRatio, Mode, Momeni, MomeniG Movingdverage, ;

i (2 IPlot, O leChiSquareTest, Oy TTest, O Test, OnelVayANOVA, OrderByRank. OrderStatistic. PDF, Percentile, PieChart, PointPlot, PolynomialFit, PowerFit, Probability, ProbabilityDensityFunction,
ProbabilityFunction, ProbabilityPlot, ProfileL ikelihood, ProfileLogl ikelihood, QuadraticMean. Quantile, QuantilePlot, Quartile, RandomVariable, Range, Rank Remove, R R VoV Sample, ScatterPlot, lot3D, Score, Select,
SelectinRange, SelectNonNumeric, ShapiroWilliVTest, Shuffle, Skevness, Sort. SplitByColumn, StandardD: : Support, t SurvivalFunction, SymmetryPlot, Tally, Tallylnio, Trim, TrimmedMear,
b Test, Ty ? Test, JeTTest, Ty Test, Variance, Variation, z verage, Winsorize, Wi IMean]
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To find an exponential model for the data given above, we can use the command ExponentialFit

> ExponentialFit(M, B, x);
78.9519995255586 e0.0131870263651163x

About the arguments of the command ExponentialFit:
* By default the base is the number “€” (i.e. the base of natural logarithms, e =2.718...)
* The letters “M” and “B” are the arrays of the numbers previously given

* The variable “x” is the variable (by default) in which Maple shows the result as a typical function of “x”

If we express the exponential model obtained above using function notation, we have:

> y = x—78.9519995255586 ¢-0131870263651163 x,
y :=x—78.9519995255586 ¢ 0131870263651163 x

Part b)
To plot both the scatter diagram and the exponential model, let us follow the steps which have been
shown previously:

—> Let us name our scatter diagram as “SD”

> SD := ScatterPlot(M, B);
SD :=PLOT(...)

- Let us name the plot of the function y(x) as “EM”. To establish a viewing window for the function
y(x) let us use the given values for x ranging from x =0 to x = 90

> EM = plot(y(x),x=0..90);
EM :=PLOT(...)
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- Let us use the command plots so that the scatter diagram and the function y(x) can be sketched
together and edit the picture using an appropriate title:

> plots|display](SD, EM);
Time vs Bandwidth (BW)

Ll

150
BW (Gps)
160
140

1204

100 4

20 4
T T T T T 1

T T T
] 10 20 30 40 50 &0 TO BO DO
Time | Mbuges)

Part c)

From the graph shown above, it can be seen that the exponential model is a fair approximation for the set
of ordered pairs. In other words, the exponential function obtained from the analysis fairly matches and
follows the data points.

When using exponential models there is an important parameter that has to be taken into account: the rate

of change (i.e. how fast the exponential function increases or decreases). In math terms this means the
coefficient of the exponent.

??)rgcrje)zdict the bandwidth consumption after two hours, let us recall that two hours equal 120 minutes and
then plug this value into our exponential function.

Thus the x-value that we need to use is x = 120

y(x) = 78.9519995255586(¢00131870263651163x)

Where “x” is the time (in minutes); and “y” is the amount of bandwidth utilized

Now, let us plug the value x = 120 and make the calculation:

y(lZO) — 78.9519995255586(60'0131870263651163*120)
y(120) = 384.2460993

From the result above we may predict that after two hours, the used bandwidth was approximately 384.24
Gigabits per second.

114



Example 4 — Trigonometric Modeling

“Temperature Change”
A student conducted and experiment to find how the temperature of a certain fluid changed when left
outdoor over a twelve-hour period. The following table shows the hours and the temperatures recorded:

Hours “H” | Temperatures “T”
(in °C)
10.2
10.7
115
12.5
13.3
13.9
141
13.6
12.7
11.9
11
10.4

el
LEBloo~Noonswne

Based on the previous table, answer the following questions

a) Graph the data over a 12-hour period

b) Find a formula that models the data

c) Plot the data and the formula together on the same x-y axis for a twelve-hour period
d) Comment on the model

Solution:

Part a)
Let us define our set of ordered pairs (H,T) the way it has been shown so far.

> HI: [1923354)536;7,8,9, 10,11, 12],
H:=[1,2,3,4,5,6,7,8,9,10, 11, 12]

> 7= [10.2,10.7,11.5,12.5,13.3,13.9,14.1,13.6,12.7,11.9, 11,
10.4];

T:=[102,10.7,11.5,12.5,13.3,13.9, 14.1, 13.6,12.7,11.9, 11, 10.4]

115



Now, let us use the package Statistics:

> with( Statistics);
[AbsoluteDeviation, AgglomeratedPlot, AreaChart, AutoCorrelation, BarChart, Boststrap, BoxPlot, BubblePlot, CDF, CGF, Central) CharacteristicFunction, €} nessOfFitTest, Chi Test, Chi bl ITest,

Col Correlation, C i Count, C Covariance, Covart. CrossCorrelation, Cumidart, Ct CumulativeDistrib [ [« c n hart,
DataSummary, Decle, DensityPlot. D e ), Discretize, Distribution, ErrorPlot, EvaluateToFloat, Excise, Ex fue, Ex IFit, Ex i i Fit, 7. 3Plot, FrequencyTable.
G icl L Histogram, Interact Iysi: quartileRange, Inve Join, KernelDensity, KernelDensityPlot, KernelDensitySample, Kurtosis, Likelihood, Likel . LineChar,
LinearFiiter, LinearFit, LogLikelihood, Logarit MGF, MLE. ) fure, MaximinLikelthoodEstimate, Mean, MeanDev Median, MedianDeviation, MillsRatio, Mode, Moment, MomentG Movingdverage, :

i Ve i IPlot, O leChiSquareTest, Oy TTest, O Test, OnelVayANOVA, OrderByRank, OrderStatistic, PDF, Percentile, PieChart, PointPlot, PolynomialFit, PowerFit, Probability, ProbabilityDensityFunction,

ProbabilituFunction, ProbabilityPlot, ProfileLikelihood ProfileLogLikelihood QuadraticMear, Quantile, QuartilePlot, Quartile, RandomVariable, Range, Rank Remove, R: R: VorlVe . Sample, lot, lo13D, Score, Select,
SelectInRange, SelectNonNiumeric, ShapiroWilliVTest, Shuffie, Skewness, Sort, SplitByColumn, StandardDs : 3 Support, t SurvivalFunction, SymmetryPlot, Tally, Tallylnto, Trim, TrimmedMean,
T Test, T I Test, JeTTest, T Test, Variance, Variation, e z verage, Winsorize, Vi IMear)

To draw the scatter diagram of the data, let us use the command ScatterPlot

> ScatterPlot(H, T);

Part b)
From the previous graph, it looks like the data follows a sinusoidal trend over the time.

To find a formula that models the data (i.e. a trigonometric model), let us use the command NonlinearFit
to obtain the trigonometric fit we need:

> NonlinearFit(a-sin(b-x +c¢) +d, H, T, x);
1.909525286295005sin(0.514215777685724x + 4.41515614417956)
+ 12.1149518137403

About the arguments of the command NonlinearFit:

* The first part of the argument, i.e. the expression: “a*sin(b*x + c¢) + d” is the most general form for a
trigonometric function (in this case: sine).

Let us recall that in general a trigonometric function looks like:
Axsin(w *t+ @)+ D

Where:
A = Amplitude

w = Angular Frequency, in radians per second [g]
t = Time, usually in seconds [s], is the argument of the function
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¢ = Phase, it can be given in degrees or radians
D = A vertical shift, it can be upward or downward

* The variable “x” is the variable (by default) in which Maple shows the result as a typical function of “x”

Note:

In general, when trying to find a non-linear model for curve fitting in Maple, a good option is to use of the
command NonlinearFit. The advantage of this command lies in the flexibility we have to tell Maple what
kind of fitting we are interested to find. Think of a way to “customize” a math modeling.

If we wish to express the non-linear function we just obtained using the function notation, we type:

> fi=x—1.90952528629500sin(0.514215777685724 x
+4.41515614417956) + 12.1149518137403;

f=x—1.909525286295005in(0.514215777685724 x
+4.41515614417956) + 12.1149518137403

Part c)
To plot the data and the trigonometric model on the same x-y axis for a twelve-hour period, let us follow
the well-known steps;

—> Let us name our scatter diagram as “SS”

> 8§ := ScatterPlot(H, T);
SS:=PLOT(...)

—> Let us name the plot of the function f(x) as “FF”. The viewing window for the function f(x) will be the
x-values ranging fromx =1 to x = 12

> FF := plot(f(x),x=1.12);
FF=PLOT(...)
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-> Let us use the command plots so that both the scatter diagram and the function f(x) can be depicted
together and add an appropriate title for the picture:

> plots|display](SS, FF);

Time vs Temperature

Part d)

From the graph shown above, it can be said that the trigonometric model is a good approximation for the
data given previously. It seems like the trigonometric function obtained matches and follows the data
points closely.

One of the advantages of the trigonometric model is that it can be applied to problems where repetitions
or repeated periods are involved. This is possible due to the inherent characteristic of the trigonometric
functions.
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Introduction to Calculus

Calculus is perhaps the most interesting part of modern math education. The study of calculus is
fundamental for students majoring in science and/or engineering. Calculus has a vast use and countless
applications in many fields such as: engineering disciplines, statistics, financial math, physics, and so on.

In the following pages, the reader will get a “sneak peek” of calculus and how Maple can be used to make
some calculations. Once again, students are encouraged to get familiar with the concepts and definitions
before attempting to type any instruction on Maple.

To start using the built-in calculus capabilities that Maple has, let us first enable the package:
Student[Calculusl]

> with(Student| Calculusli]);

[ AntiderivativePlot, Antiderivative Tutor, Approximatelnt, ApproximatelntTutor, ArcLength,
ArcLengthTutor, Asymptotes, Clear, CriticalPoints, CurveAnalysis Tutor, DerivativePlot,
DerivativeTutor, DiffTutor, ExtremePoints, FunctionAverage, FunctionAverageTutor,
FunctionChart, FunctionPlot, GetMessage, GetNumProblems, GetProblem, Hint,
InflectionPoints, IntTutor, Integrand, InversePlot, InverseTutor, LimitTutor,
MeanValueTheorem, MeanValueTheoremTutor, NewtonQuotient, NewtonsMethod,
NewtonsMethodTutor, PointInterpolation, RiemannSum, Rolles Theorem, Roots, Rule,
Show, ShowIncomplete, ShowSolution, ShowSteps, Summand, SurfaceOfRevolution,
SurfaceOfRevolutionTutor, Tangent, TangentSecantTutor, TangentTutor,
TaylorApproximation, TaylorApproximationTutor, Understand, Undo,
VolumeOfRevolution, VolumeOfRevolutionTutor, WhatProblem]

And let us have the palette Calculus ready to be used. This palette can be found on the left column.
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Calculating Limits

Let us go over some examples.

* Example 1.- Calculate the following limit: lirré —Si‘;(x)
X—

First, let us define the function f(x)

>

> fimxo sin)fx) .

PN sin(x)

To calculate the above limit we can use either the command limit or the operator found in the palette.

Using the command limit:

> limit(f(x),x=0);

Using the operator in the palette:
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X+2
x2—4

* Example 2.- Calculate the limit: lim2
xX—>—

Define the above function as g(x)

x+2 .
@ -4

> g::x—)

Calculate the limit by using the command limit

> limit(g(x),x=-2);

Or using the operator from the palette

> lim _g(x);

x—-2

* Example 3.- Calculate: 1ir%x * sin(%)
X—

Using the operator from the palette

> lim [x-sin[ijj;
x—0 X
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Calculating Derivatives of One-Variable Functions

Let us explore some examples.

* Example 1.- Calculate the derivative of x>, and y*

To find the derivative we can use either the command diff or the respective operator from the palette

Using the command diff

> diﬁ”(xS, x);

> diff (! y);

Using the operator from the palette

ir H
Bl Bxa
frac [ ra
ffraaf ] raa
]|| d= dv dy
| | [ & dv ds
d (5
> 4
4 (),
d (4
> 4
()

5x

4y

5x

4y
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However if we use the previous command (diff) but with capital D (i.e. Diff), Maple will show the

formula to calculate the derivative but will not perform the operation. See below:

> Diﬁ(xs, x);

—(¥)
X
> Diff (%, y);
— (")
y
* Example 2.- Find the derivative of 8 — 2x2
Using the command diff
> di]_?’(S — 2'x2,x);
-4x
Using the operator from the palette
d 2
> L (8—2-4):
e (8 —2-4%);
-4x

Again, if we type the command diff with capital D (i.e. Diff), Maple will give us the formula to find the

derivative but will not find it

> Diff (8 — 2%, x);
— (—2x2 + 8)
X

* Example 3.- Calculate the derivative of 12t2 + 2t + 102

Using the command diff

> diff(12-2 + 2t + 102, ¢);

24t +2
Using the operator from the palette
d 2
> E(lz-t + 2.4+ 102);
24t +2
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Calculating Derivatives of Two-Variable Functions

Let us go over some examples.

9f (xy) of (xy)

* Example 1.- Given the two-variable function f(x,y) = 3x3y? , calculate and

oy
First, let us define the function f(x,y) in Maple:

> fi= (x,y) =35 9%
fi=(x,0) =35y

To find the derivatives respect to the variables x and y, we can use different options:

-> Using the command diff

> diff (f(x,y),x);

927
Therefore, @ = 9x2y?
> diff (f(x,),¥);

6x3y

Therefore,

f(xy) _ . 3
ay 6x°y

-> Using the operator D

> D[1](f);
(x,7) =97 )

of (x, . . 195 .
Thus, % = 9x2y? | note that in this case “1” refers to the variable x

> D[2](/);
(%) —6xy

Thus, 2 &)

ay 6x3y , note that in this case “2” refers to the variable y
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-> Using the operator from the palette

O (Fen):

> =
0x

9.2

of(xY) _ q.2..2
Then, = 9x“y

9
> (f(x¥));

oy

ofxy) _ .3
Then, T 6x°y

As seen previously, note that if we use the command (diff) but with capital D (i.e. Diff), Maple will
display the formula to calculate the partial derivative but will not perform the operation. See below:

> Diff (f(x,y),x); d
C 3.2
o (3x5%)

> Diff (f(x,¥),);

0 (232
Oy(3xy)
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ag(xy)

* Example 2.-Find o

First, let us define the function g(x,y) in Maple:

> gi= (5y) =2 +49;
g:=(x,y) 2% + 4y5

Using the command diff to find agé()’;’y), and ag;’;’y); we have:
> diff (g(x, ), x);
2
6Xx
> diff (g(x,»),»);
20y4
Using the operator D, we have:
> D[1](g);
(%) > 627
> D[2](g);
(x,y) 20"

Note that “1” indicates the variable x, and “2” indicates the variable y

Now, using the operator ;—x f from the palette

9
0x

> (g(x,»));

6x

9
> a—y(g(x,y));

20 y4

and 6g;3;,y) for the function g(x,y) = 2x3 + 4y5

Again, if we type the command diff with capital D (i.e. Diff), Maple will show us the formula to find the

partial derivative but will not calculate it

> Diff(g(x, ), x);
_x (4y5 +2x3)

> Diff(g(x,y),);
—y (4y5 + 2x3)
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* Example 3.- Given the following two-variable function h(x,y) = 5 + % calculate its partial derivatives

Defining the function h(x,y) in Maple:

> h= (xjy)—)i_}_l’
y X
— ERCINTA
h:=(x,y) ) T
. 9h(xy) oh(x,y).
Finding ===, and ===

- With the command diff

> diff (h(x,y),x);

1 _»
y ¥
> diff (h(x,),¥);
X 1
— yz + .
- With the operator D
> D[1](h);
L1y
(x,») y T2
> D[2](h);
(ey)=-=3 +—
y X
- With the operator aa_x f from the palette
0
> a—(h(x,y));
X
1 _»
y ¥
0
> a—(h(x,y));
X
1 _»
y x2
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Calculating Antiderivatives (Indefinite Integrals) of One-Variable Functions

Let us go through some examples.
* Example 1.- Calculate the antiderivative of 21x + 2

To find the antiderivative we can use either the command int or the respective operator from the palette

Using the command int

> int(21-x + 2,x);
21

> 24 ox
Using the operator from the palette
W Caloulus
lim d.‘
- d 2
= [x) [x)
dx’
“(x) N2 A
: i
ir i
il 2 oy
Jrava| [ rae
”.|I'd dy dx
[ [ [ raea
> J(21~x+2)dx;
271 24 ox

Nevertheless, if we use the previous command (int) but with capital 1 (i.e. Int), Maple will show the
formula to calculate the antiderivative but will not perform the operation. See below:

> Int(21-x + 2, x);
(21x+2) dx
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* Example 2.- Find the antiderivative of 3x?

Using the command int

> int(3 -x2, x);

Using the operator from the palette

> J(3-x2) d;

Again, if we type the command int with capital | (i.e. Int), Maple will show the formula to find the
antiderivative but will not calculate it

> Int(3 -xz, x);

3x"dx

* Example 3.- Calculate the antiderivative of 2x3 —x% — 3

Using the command int

> int(2-x3 - = 3,x);

% g %x3 —3x
Using the operator from the palette
> J(2~x3— ¥ —3)dx;

% g %x3 —3x
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Calculating Definite Integrals of One-Variable Functions

Let us explore some examples.

* Example 1.- Calculate the definite integral of 21x + 2 between x =1 and x =5

To find the definite integral we can use either the command int or the respective operator from the palette
Using the command int

> int(21-.x+2,x=1.5);

260
Using the operator from the palette
W Caloulus
lim dl“
) r-
o [x) [x)
dx’
*(x) fNx) A
ir i .
Al 0 Bxd
|/ e
[[rava| [ rava
”| = dy dx
[ [ [ reea
5
> J (21-x + 2)dv;
1
260

However, if we use the previous command (int) but with capital I (i.e. Int), Maple will give us the
formula to calculate the definite integral but will not perform the operation. See below:

> Int(21-x +2,x=1..5);
5

(21x+2) dx
1
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* Example 2.- Find the definite integral of 3x? between x=0and x = 4

Using the command int

> int(3-x2,x= 0 ..4);
64

Using the operator from the palette

4
> [ ()
0
64

Again, if we type the command int with capital | (i.e. Int), Maple will show the formula to find the
definite integral but will not calculate it

> (33, x=0..4);

3x7dx

* Example 3.- Calculate the definite integral of 2x3 — x? — 3 between x = -1 and x = 3

Using the command int

> int(2-x3 — ¥ — 3,x=-1 ..3);

56
3
Using the operator from the palette
3
> J (2 =¥ —3)dx;
-1
56
3
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Calculating Roots, Critical Points, and Plotting Derivative Functions

Let us see the following examples.

* Example 1.- Given the function f(x) = x3 + 2x? — 5x — 6, calculate its roots (i.e. zeros), critical points

(i.e. % = 0), and plot both f(x) and % over the same x-y axis
Let us begin by defining the function f(x) in Maple:

> fi= x—>x3+2-x2—5~x—6;
f::x—>x3 +2xX* —5x—6

To find the roots of the function f(x), we use the command Roots

> Roots(f(x));
[-3,-1,2]

To find the critical points of the function f(x), we use the command CriticalPoints

> CriticalPoints(f(x));

2 1 2 1
3 3 19, 3—1—3\/19

To plot both the function f(x) and its derivative f ’(x), we use the command DerivativePlot

> DerivativePlot( f(x));

1000 -
200 4
600
400 4

200 -

-10 = o 5 10
-200 4

=400 4

-600

fix) —— - (x)

A graphoff (x) =2 +22° —5x —f and %f[x::.
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* Example 2.- Given the function g(x) = x3 + x? — x + 2, find its real zeros, critical points, and plot its
derivative

Defining the function g(x) in Maple:

> gi= x—x 4 —x+2
g::)c—>x3 +x—x+2

To find the real zeros of the function g(x), we use the command fsolve**

> frolve(xX® +x* —x+2, {x});
{x=-2}

To find the critical points of the function g(x), we use the command CriticalPoints

-4

To plot g(x) and g’(x) together in the same x-y axis, we use the command DerivativePlot

> CriticalPoints(g(x));

> DerivativePlot(g(x));

1000
200 4
600 4
400 4

200 4

-200 4

—400 -

-A00 -

- 800 A

7 — L pim

Ag’:(aphat}'[x)=x3+x2—x+23nd%j[xj.

Note:

While the command solve give us all the solutions for the equation g(x) = 0, the command fsolve gives us
only the real solutions of the equation g(x) = 0. The function g(x) = x3 + x? — x + 2 is a third-degree
polynomial and has three solutions: one solution is real and the other two solutions are complex
conjugate; however since we are only interested in finding the real zeros of the function g(x), the
command fsolve is sufficient.
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* Example 3.- Given the function h(x) = 2x3 — x2 — 3, plot its derivative, find its critical points, and a
root for h(x) between 1 and 2.

Defining the function h(x) in Maple:

> hi=xo2x —x — 3;

h=x—2x —x* —3

To plot h(x) and h’(x) at the same time:

> DerivativePlot(h(x));

1000

7 — L pim

& graphoff(x) =227 — =3 and%f[x).

To find the critical points of h(x):

> CriticalPoints(h(x));

&

To find a root of h(x) that is between x = 1 and x = 2**

> fsolve(h(x),x=1..2);
1.337944335

Note that in this case, we can also specify an interval to find the solutions for x within the command
fsolve. This feature might be very useful when trying to find a specific root or solution of a function.
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Let us go over the following example:
Given the following discrete function f(i) = i * (—1)% fori=1,23,...

Calculate: 32, i * (—1)

Calculating Summations

To find the summation, we use the command sum

> sum(i-(-1)%i=1..50);

Alternatively, we can use the operator capital sigma (i.e. Y ) form the Expression palette

W Expression
a+h —h ash
“ Ja
Va il
e Infa)
log, (a) log,(a)

sinfa) cos(a) tan(a)

25

25

However if we use the previous command (sum) but with capital S (i.e. Sum), Maple will show the

formula to calculate the summation but will not perform the operation. See below:

> Sum(i-(-1)},i=1..50);
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